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ll Vedapurusāya namah |! 


In total surrender 
To 


Vedapurusa 


with an earnest prayer to open the doors of 
His highest knowledge of the secrets of the universe 
for the emancipation of humanity from 
the bondage of ignorance 


Foreword 


We have great pleasure in associating ourselves with the 
publication of Mathematics As Known To The Vedic Samhitās by 

Dr. M.D. Pandit. The work is the culmination of author's 
concentrated efforts to investigate into Vedic Mathematics. A book 
on Vedic Mathematics is usually associated with fast mental 
calculations by the use of the Sütras. Sütras are not everything as 
Dr. Pandit points out. The author makes an earnest attempt to 
understand the scientific mind of the Vedic people. Mathematics 
is the Queen of all Sciences. An understanding of the mathematics 
of the Vedic people will, therefore, shed a light on their scientific 
temper. By restricting himself to the Sarhhitās the author has 
made some interesting and useful contributions to the study of 
mathematics. By a skilful employment of symbols of present day 
mathematics with Vedic words, the author has attempted to 
explain the Vedic Mathematics. Interestingly, the author points 
out how the Vedic people could have had two intrepretations of 
Zero - one as a number and the other as a "place value substituted 
for absence of rank". The idea of counting numbers in two 
different ways—ascending and descending orders as found in the 
Sarhhitas—has been well brought out. "The word nava-daša (for 
19) implies the starting point of count in dafa (10) and ascending 
is done by nine (nava) steps to arrive at 19. Ekonavirhšati or 
ekánnavim$ati indicates counting from visati (20) and going 
down by one step to 19". Taking advantage of the linguistic 
intrepretation of numbers, the author has also introduced the 
notion of simple and compound numbers. For example, 1 to 9 are 
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simple while 10, 11, 12 etc., are compound numbers. This is 
perhaps typical of Sanskrit language. It seems there is still much 
scope for the study of Vedic Mathematics. Dr. Pandit has shown 
the way. With the recent awareness of the use of Sanskrit in 
general and Vedic Mathematics in particular in computer science, 
the present work is very valuable. 


In a work like this one has to rely on the Vedic texts only, as Dr. 
Pandit himself points out; there is no way of testing the accuracy of 
the literary evidence provided by the Vedas. 


Dr. M.D. Pandit is an extremely devoted scholar and is 
dedicated to the work on Vedic Mathematics. We have had many 
valuable discussions on the subject. His enthusiasm and self- 
confidence have overwhelmed us. He has restricted himself only to 
the arithmatical aspect of Vedic Mathematics. We hope, the other 
aspects, such as algebraic, geometric etc. will be considered by him 
in his later works. 


Dr. V.N.]ha 
Centre of Advanced Study in Sanskrit, 
University of Poona 


Dr. T.T. Raghunathan 
Department of Mathematics 
University of Poona 


Preface 


I 


We encounter with mathematical numbers at the very outset when 
we start studying the Sanskrit language. Every student of Sanskrit 
language has to imbibe well first its systax. Of all the four types of 
syntaxes found in the different languages of the world, viz. 
agglutinative, inflexional with the two varieties of internal and 
external inflection, positional or isolating and the polysynthetic or 
incorporating types of syntaxes, the Sanskrit language exhibits the 
inflexional—and there too the external inflection 
predominantly—type of syntax. The Sanskrit language thus, 
according to Schlege!, displays “an organic" character, “the words 
of which were built round modifiable roots by means of intimately 
linked inflection". The result of this highly rigid and complicated 
nature of the inflection of the Sanskrit words has been that besides 
the linguistic meaning they convey, they also convey the correct 
gender, number and mutual relations so accurately that there is 
practically no chance of any confusion in understanding the 
correct meanings of the words. Thus in Sanskrit, the inflexional 
category viz. what is called as the pratyaya in Panini’s grammar is a 
compulsory category. This is the most important principle, 
underlying the Pāņinian analysis of the Sanskrit language, as 
Patanjali in his bhāsya on the Pāņinian sütra, 1.2.45. (arthavad 
adhātur apratyayah prātipadikam ) puts it; cf. Patanjali on 1.2.45: 
pratyayena nityasambandhat. nitya—sambandhav etàv arthau 
prakrtih pratyaya iti. pratyayena nityasambandhat kevalasya 
prayogo na bhavisyati. 
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It can be seen, therefore, that of all the six grammatical 
categories called vyavasitas by Patafijali, viz. dhātu, pratyaya, 
agama, ādeša, pratipadika and nipāta*, the category of pratyaya 
plays the most important role in building up the syntax of the 
language and thereby in conveying the correct meaning of the 
words. As Vaiyakaranabhisanasara puts it: prakrtipratyayau saha 
artham brütah; tayoh pratyayārthasya prādhānyam. 


Because of the pivotal role that pratyaya plays in signifying the 
meaning, it is invested with different powers. It thus signifies the 
linga or gender, the vacana or the number, vibhakti or the mutual 
karaka+elations between words, the kala or the tense in the case of 
dhātus and lastly, the svara or the accent in the Vedic Sanskrit. In 
other words, all these meanings of gender, number, relations, 
tense and accent reside or dwell in the pratyayas?, in the language 
and consequently in Pāņini's grammar. It is because of the 
different powers of signifying the meaning, which are invested in 
the category of pratyaya, that the use of single word like deváu 
signifies the meanings of ‘masculine, dual, nom or acc. and 
accent' simultaneously; it is because of this power of the pratyaya 
that the word gácchati signifies simultaneously the meanings of 
'singular, 3rd person, present tense and its initial position in the 
beginning of the foot of a verse'. The inflectional nature of the 
Sanskrit language has made the syntax so rigid with a potential 
capacity of signifying the meaning as accurately as possible that 
there is no chance of misunderstanding a sentence, so far as the 
above-mentioned meanings are concerned. 


To put the whole discussion symbolically. If F represents the 
form used in the language, N represents the nucleus or base or 
prakrti and S stands for the suffix or pratyaya applied to the 
prakrti, the most general formula for a finished word usable in the 
language will be: 


F=N+S 


But this is a representation of the pure mechanical procedure 
or analysis. It is devoid of any semantic implication. To make the 
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representation fully faithful to its use in the language, we have to 
put life in it. The life can be put by investing the S with the powers 
of signifying the gender, number, kāraka+relations, accent, tense 
etc. And, we represent the above formula in a more refined way as 
follows: 


F = N + Ss***""*™ for a nominal form, in which g = gender, n = 
number, r = kāraka - relations, a = accent and m for meaning. For 
a verbal form, the formula will be: 


F = N + S****™ where t = tense. The verbal form has no 
gender; hence g is dropped; it has a tense; hence tis included. 


Just as in mathematics, we raise the powers of a number by 
using exponents and write it as x^, in linguistic analysis we raise the 
powers of the suffix and represent them in the above way. All these 
powers of the suffix are then automatically transferred to F and 
the F will assume the form as N + Ss******™= Fg+atrtatm(1f nominal) or 
N+ Sttatrratm.. Festa (if verbal). 


The most important non-formal category, from the point of 
view of our present study, is, however, the vacana or the number. 
The significance of vacana having a place in the speech itself in 
the form of a pratyaya lies in the fact that the people who used this 
device for indicating the number seem to have a keen 
mathematical consciousness or sense. The discussions on the 
meaning of number by the grammarian like Kaundabhatta and the 
Naiyāyika like Prašastapāda bring out clearly the mathematical 
attitude of the ancient speakers of Sanskrit in applying the suffix 
for number also. Panini has defined the vacana in the two sūtras, 
viz. dvyekayor dvivacanaikavacane, 1.4.22 (for singular and dual 
number) and bahusu bahuvacanam, 1.4.21 (for plural 
number).The necessity of including the number also in the suffix 
seems to have arisen from the fact that in nature certain things are 
found to exist in groups—of twos, threes, fours etc, although 
generally things exist in isolation or singularly. To take an example 
from Veda, the Ašvins, the dyāva-prthiviī etc. are always found to be 
in a group of two; the Rbhus, the Maruts etc. are found to be in 
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groups of more than two. Other deities like Agni, Vāyu, Indra etc. 
are found to be in singularity. The Vedic people or rather the pre 
Vedic speakers of Sanskrit language, from whom the Vedic people 
inherited it, therefore, seem to have developed a number-sense 
which, they thought, must be included in the speech itself in the 
form of a suffix. And this mathematical consciousness on the part 
of the Vedic or pre-Vedic speakers of Sanskrit language is really an 
intellectual development and speaks for a sufficiently advanced 
state of civilisation in such ancient times as the Vedic. Not only 
this. But such a mathematical consciousness is not exhibited by any 
other ancient language contemporary to the Vedic one (if such a 
one exists or is available). Since the Vedas are the oldest literature 
no other language contemporary to the Vedic one is unfortunately 
available. But that the use of number-signifying suffixes with the 
words themselves indicates a sufficiently developed mathematical 
consciousness in the Vedic civilisation is certain. And conversely it 
is this number-consciousness which seems to have guided the 
ancient speakers of Sanskrit in using suffixes for the numbers. For 
them, therefore, the use of purusau (du. of purusa) is sufficient to 
convey the sense of 'two persons”; the usage dvau purusau from 
this point of view is unnecessary, the number-word dvau being 
redundant; so also in ekah purusah, the word eka is redudant. We, 
however, do find expressions like dvā sakhāyā, trayah keSinah etc. 
in the Veda, in which the number-words dvà (=dvau), trayah etc. 
are used. But if we examine all such occurrences, we find that they 
use the number-words as numerical adjectives (samkhya-viSesana) 
in the case of those words which otherwise are generally found in 
other numbers also. We can find the word sakhi in sing. du. as well 
as plu. also as sakhā sakhāyau and sakhāyah. So also with other 
cases. But the Veda never qualifies by number-words those things 
which are always found in groups of specific number. For example, 
we will never find the numerical adjective dvau in the case of 
Ašvins, dyāvā-prthivī or Mitrā-varuņau; or the adjective bahavah in 
the case of Rbhus of Maruts or Vi$ve devāh. The Vedic people thu: 
seem to have a very clear idea, within their frame of knowledge, a: 

to which things are found in specific numbers and which are not 
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In the case of the former, they never use the numerical adjective; 
in the case of the latter, they use it. 


If this line of thinking is correct, (and it is supported by facts 
from Veda also), it shows that the Vedic, or even pre-Vedic, people 
seem to have found out, after a long investigation and study, first, 
that certain things do not exist in any groups at all and certain 
other things stay always in groups. In the case of the latter also, 
they seem to have examined all the possible groups and found out 
the definite number of elements in the groups. They then seem to 
have classified the groups into groups of twos, groups of threes etc. 
Ašvins or Mitra-varunau, for example, are always found to exist in 
groups of twos, and so on. The later mathematicians seem to have 
taken a clue from this and started using the words themselves for 
the number; the sürya (=the Sun), the candra (=the moon) etc. 
are found to exist always alone, that is, as one. The words sürya 
(and its synomys), candra (and its synonyms) etc. came to be used 
‘ater on as synonyms of the word eka; the Ašvins, always in two, 
came to be used for two and so on. Though this tendency to use 
the word-numerals as we may call them developed in later post- 
Vedic times, it seems to have a long mathematical background 
and history. It must, however, be noted that the use of such word- 
numbers is not at all found in any of the nine Vedic sarhhitās taken 
here for study. 


We thus find that there are two ways of signifying numbers in 
the Veda: (i) to use a number-word as numerical adjective 
qualifying the substantive as in dvā sakhāyā, or (ii) to apply a suffix 
invested with number to the word itself as in a$vinau or marutah 
etc. Later on in post-Vedic literature, we find a third way of 
signifying numbers; and that is to use the word with fixed number 
for the number itself, as in candra = 1, netra = 2 etc. The only 
linguistic category which has no number is that of the 
indeclinables or avyayas including nipātas. Pāņini has enumerated 
all the indeclinables in the sütra, svarādinipātam avyayam, 1.1.37. 


Though there are infinite numbers in mathematics, the suffixes 
in Sanskrit invested with the power of signifying numbers are only 


xiv Mathematics as Knoum to The Vedic Samhitās 


for three numbers, viz. ekavacana or singular, dvivacana or dual 
and bahuvacana or many i.e. more than two. The restriction tO 
only three numbers is obviously because of the fact that we cannot 
have infinite suffixes for signifying infinite numbers. 


Another peculiarity of the Veidc language which leads us to 
conjecture about the mathematical consciousness on the part of 
the Vedic people is the different Vedic metres, called chandas. 
“The main principle governing Vedic metre (the source of all later 
Indian versification) is measurement by number of syllables" (cf. A 
A Macdonell, Vedic Grammar, 1953, p 436). We have in the Veda 
chiefly the following five metres, viz. Gāyatrī of 24 syllables, the 
Anustubh of 32 syllables, the Tristubh of 33 syllables, the Pankti of 
40 syllables and Jagati of 48 syllables. Besides, we have other 
varieties of metres, which are mixed, of 28 syllables like Usnih, 
Pura-usņih and Kakubh, of 36 syllables like Brhati, of 40 syllables 
like Sato-Brhati, of 60 syllables like AtiSakvari, of 68 syllables like 
Atyasti; moreover we have what are called strophic stanzas like 
Pragātha, Kākubha Pragātha and Bārhata Pragātha. The 
composition of all these different types of metres presupposes a 
meticulous counting of the number of syllables in the Vedic 
stanzas. Not only this. But even the versification is not only 
mechanical; it has a kind of melody, rhythm and music which is 
still appealing today. Does all this mean that the Vedic people just 
composed the metres without any sense of counting and 
measuring? Did they not know computation? 


II 


Does the Veda really contain anything concerning mathematics 
which can be a subject for investigation? What does Veda really 
proclaim to stand for? or, what is the aim of Veda? These are some 
of the problems which one can ask while interpreting the Veda 
because the line of interpretation to be adopted depends very 
much on an answer to these problems. Let us try to get the answers 
to thie above problems from the traditional point of view. 
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Traditionally speaking, the Veda has the following six 
disciplines as auxiliary means for its interpretation. They are: Siksa, 
kalpa, nirukta, chandas, vyakarana and jyautisa. Besides these six 
auxilaries called Vedāņgas, we have the science of pūrva 
mīmāmsā which also tries to interpret the Vedic passages. Of these 
six vedangas, the Siksa, nirukta and vyákarana can be grouped 
under one category of linguistic interpretation and explanation of 
the Vedas. These three sciences deal with the different aspects of 
the Vedic language, viz. the phonetic aspect which is the scope of 
$iksa, the etymological which is that of nirukta and the linguistic 
and grammatical which is the aim of vyākaraņa. The Mimarhsa 
referring to the pürva mīmāmsā, which tries to interpret the Veda 
from semantic and ritual point of view can also be grouped under 
this class. The Kalpasütras attempt to stuyding in detail the 
procedure of sacrificial ritual as available in and based on Vedas. 
The Pūrva Mīmārhsā also shares some part of this ritualistic 
interpretation. The science of Chandas (= 'metre') aim at 
analysing and describing the different metres in the Vedas. It can 
also thus be grouped along with the above three sciences viz. Siks4, 
Nirukta and Vyākaraņa under the general title of 'sciences 
attempting a linguistic interpretation of the Vedas and meterical 
point of view.' All these sciences developed their own principles of 
interpretation, description and analysis of the Vedic language. The 
Kalpasütras and Pūrva Mīmārhsā have also their own way of 
analysis, description and interpretation of the Vedas. All these 
sciences emphasize only two aspects of the Veda, viz. the linguistic 
and the ritual. And none of them looks at Vedas from 
mathematical point of view. 


The only auxiliary science which offers a possibility of studying 
Veda from mathematical point of view is that of Jyautisa, popularly 
written and pronounced as Jyotisa. It studies and describes the 27 
constellations, their places in the sky and their properties. The 
earliest work in Jyotisa which helps the Vedic interpretation is the 
Vedanga-Jyotisa. The necessity for astronomical study for the 
Vedic interpretation arose out of the fact that the ritual and its 
details as are given in the Vedas are prescribed to be performed 
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only on proper times, called muhūrtas; the muhūrta refers to a 
particular, fixed position or combination of the different planets 
in different constellations. It is, therefore, not possible to find out 
the muhūrta without studying the constellations and the planets. 
It is thus out of the necessity of finding out the muhūrtas for the 
sacrificial rituals that the science of astronomy was born and 
pursued. The following verse which is oft-quoted emphasizes the 
important status astronomy enjoys in Vedic interpretation: 


veda hi yajfiartham abhipravrttah 
kālānupūrvā vihitas ca yajūāh/ 


tasmād idam kālavidhānašāstram 
yo jyotisam veda sa veda vedān// 


("The Vedas aim at sacrificial performances, these 
performances are stipulated to be performed on specific times; the 


one, therefore, who knows the science of time, viz. the Jjyotisa 
alone knows the Vedas”). 


The astronomical studies cannot in turn be pursued without 
mathematics. And thus at this stage of our Vedic study the Vedas 
offer a possibility of finding out at least some mathematical data in 
the Vedic texts. And some scholars like B.G. Tilak and H. Jocabi 
have actually studied Veda from astronomical point of view. 


The Sanskrit language is said to contain a voluminous literature 
on Astronomy.‘ Even the oldest book on this subject viz. the 
Vedanga Jyotisa which describes the 27 constellations and studies 
the sky also in turn is either incomplete or seems to be an abridged 
form of a still earlier bigger work which is lost to us. Astronomy, 
however, cannot develop without the help of Mathematics. 
Though, therefore, mathematics in ancient India has always been 
a hand-made of Astronomy and hence can be said to occupy a 
secondary position with reference to the latter, it is just a matter of 
common sense to conclude that mathematics also must have been 
equally highly developed to help Astronomy. The actual 
mathematical and astronomical works which have come down to 
us, however, date far later than the Vedic sarhhitās. The 
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astronomical and mathematical literature in between the periods 
of the Vedas and later works is unfortunately lost to us. 


The Vedanga-Jyotisa, as the name indicates, sets out to be an 
auxiliary to the Vedic studies. It helps to know the astronomical 
data from the Veda. If, therefore, the Vedas contain any 
astronomical considerations, they should also contain some 
mathematical considerations. Unfortunately, no mathematical 
work as an auxiliary to the Vedic studies has come down to us 
under a title of Vedanga Ganita (like the Vedanga Jyotisa). 


Again, whatever bulk of post-Vedic astronomical literature is 
said to contain mathematics contains more on Astronomy and very 
less on mathematics, obviously because of the fact that it is not a 
text on mathematics. The only perfect text on mathematics that 
has come down to us is that of Leelavati by Bhaskaracarya; and that 
too, very late-as late as the 11th century AD. In the absence of any 
data to that effect, we are unable to know the history of 
mathematics in ancient India. Even the $ulbasūtras which claim to 
be geometrical works are very much later than the Vedas. 


Many books on Vedic mathematics have been written and 
published recently. The most recent one is by Jagadguru 
Shankaracarya Swami Sri Bharati Krsna Tirthaji entitled ‘Vedic 
Mathematics'.” But after examination it is found not to be Vedic 
and hence the title sounds a misnomer. None of the works on 
Indian mathematics even touch the Vedic sarhhitás, not to say 
about exhaustive examination of the same. It is with the view to 
examine and ascertain whether the Vedas really contain any 
considerations on mathematics in the real sense that the present 
study has been undertaken. It is for the same purpose that the 
scope of the Vedic data on which to work is purposefully limited to 
the nine Vedic texts which go by the name samhitas. The 
Brāhmaņa and upanisadic literature, which also is included under 
the title 'Vedic' traditionally, is, therefore, purposefully excluded. 
The purpose is to know the matiematical development in the times 
of strictly the Vedic sarhhitás. No study on Indian or Vedic 
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mathematics uptill now has been based on what is strictly ‘the 
Vedic’, meaning thereby the Vedic sarnhitas proper. 


The scope of the work is also limited to only the arithmetical 
part of mathematics which includes arithmetic, geometry, 
trigonometry and algebra. The geometrical and algebraical parts 
are excluded. If the geometrical and algebraical aspects were 
included, the work would have been too bulky. 


As one goes through the Vedic samhitas and examines and 
interprets the mathematical data, one cannot but be impressed by 
the high stage of mathematical development in those ancient 
times. Not only this. But one has to pre-suppose a very long 
tradition of mathematical studies in pre-Vedic times also. Because 
whatever arithmetical in particular and mathematical in general 
conclusions are stated here in the present work cannot be the 
sudden ofFshoot of those times only. They seem to have had a long 
tradition and history in the field. The conclusions will convince 
one of the high stage of not only Vedic mathematics but of Vedic 
civilisation itself. The data presented here will convince one that 
writing was known in the Vedic times. The concept of 
mathematical zero, the zero in the symbol 10 for daša, the 
technical terms like yajfiena kalpantām or sarvasmai svāhā , giving 
out the procedure to arrive at the concept of infinity, the different 
arithmetic and geometric series-all these facts show that the 
mathematical data in the hoary antiquity of the Vedic times cannot 
be a creation of a ‘primitive’ society; it can only come from a 
highly developed and one of the most advanced people and 
civilisation. The idea of a device of infusing the suffixal elements 
themselves with the power of signifying the number also, besides 
other non-formal elements like meaning, gender etc., cannot be 
taken to strike a primitive people who are said to roam the vast 
territories on the earth in searc. „ f the primary human necessities 
like food, clothes and a habitat to dwell in. Read in the context of 
the ancient times in which the Vedic civilisation flourished, the 
above achievements in the mathematical field cannot be 
underestimated. It should also be remembered that while not 
underestimating the mathematical development in the ancient 
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times of the Vedas, the pendulum of thought should not be 
allowed to swing to the other extreme of over-estimation. Some 
people cherish very high ideas about the Vedas and about 
whatever Veda contains. The mathematics in the Veda from their 
point of view is something which even the modern civilisation has 
no idea of, which is totally different from the modern one and 
which is even higher than the modern mathematics. It might be 
so-we do not know. But judged from the empirical standards of 
interpretation, the Vedas give us the picture presented in the 
present work. The picture may disappoint some people because 
the mathematical picture presented here is very simple and is what 
they already know. True. But one should not forget that what they 
know is only because of Vedic mathematics and is based on the 
same, and that it is this Vedic system of mathematics that has been 
adopted and followed uptill now from the ancient Vedic times and 
that too throughout the present world. And this is no small 
achievement or contribution of the Vedas. What we can say at the 
most is that since the Vedas are the oldest extant literature of the 
world, which has come down to us in tact (thanks to the Vedic 
reciters!) it is likely that other non-Vedic civilisations might have 
borrowed the knowledge of mathematics from the Vedas or at least 
from pre-Vedic literature which is not available. The question who 
borrowed from whom can only be answered after a comparative 
study of the mathematical works of those civilisations. 


III 


The subject of Vedic mathematics was haunting me since the 
time I started doing Vedic research in 1954 under the guidance of 
the late Prof. Dr. S.S. Bhawe in the M.S. University of Baroda, 
Baroda. But I started the actual work on the subject only in 1975. I 
prepared a very short general research paper of about five pages 
for submitting it in the All India Oriental Conference which was 
held in Pune in 1978. And a five-line summary of the paper was 
published by the AIOC of 1978. When Dr. V.N. Jhà assumed the 
charge of the Director, CASS, Pune, in 1986, he insisted that I 
should present the Vedic mathematical data in the form of a 
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monograph. And accordingly, I am putting my findings on the 
subject before the world of scholars both in mathematics as well as 
Sanskrit. It is left upto them to judge how far I have been 
successful in this endevour. 


I have practically examined almost all the data. Even if some 
data are left out, that, I think, will not change the final 
conclusions. More data might perhaps only add to the bulk of the 
work. 


I would be ungrateful if I do not express my indebtedness to all 
those who, out of labour of love, helped me in one way or the 
other in writing this book. First and foremost is Prof. Dr. V.N, Jha 
who encouraged me to write on this difficult topic. But for his 
friendly encouragement and insistence, I would have perhaps 
never written at all so exhaustively on this subject. Dr. V.T. 
Zambare, who retired from the University services recently also 
deserves my thanks. Even if retired, he also insisted and saw I 
complete the work. The next person to whom my thanks are due is 
Dr. Rayomond D. Doctor, Reader in French Language and 
Literature, of the Department of Modern European Languages, 
University of Poona, Pune. He helped me in providing the data of 
the number-words from the European languages viz. Greek, Latin, 
Gerinan, French, Italian, Spanish and Russian. The data being very 
important for a comparative study are published in the book as 
Appendix A. The data, I feel, have enhanced the value of the work. 
I am extremely indebted to Dr. T.T. Raghunathan of the 
Department of Mathematics, University of Poona, Pune, who 
provided me the literature, books and references from modern 
mathematics. He helped me in clearing many mathematical 
concepts. I have also to thank Dr. J.R. Joshi, of the Department of 
Sanskrit, University of Poona, for providing me the text of 
Milindapafiha and examining the proofs. Last but not the least, 
the Research Associates from the CASS, Pune, viz. Dr. (Miss) 
Nirmala Kamat, Dr. (Mrs.) Kanchan Mande, Dr. (Mrs.) Anuradha 
Pujari, Dr. (Mrs.) Manik Thakar and Dr. (Mrs.) Bhāgyalata 
Pataskar also deserve my thanks; they read and re-read the 
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manuscript of the work and suggested improvements in my 
writings. But for their suggestions, many of the arguments in the 
work might have been either not clear or been misunderstood. I 
am very much thankful to the Sadguru Press for the fine and 
efficient printing and the Proprietor of the Indian Books Centre, 
New Delhi, for publishing it. But for their interest in academic 
matters, the book would have taken a longer time for publication. 


11th April, 1992 M.D. Pandit 
Ramanavamī 


Pune. 
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Introductory 


The Vedic civilisation is one of the oldest civilisations of the world. 
The other known, ancient civilisations are the Babylonian on the 
banks of the rivers Euphrates and Tigris, the Egyptian on the 
banks of the river Nile, the Chinese on the banks of the river Yang 
Tse, the Indus Valley on the banks of the river Sindhu or Indus 
and the Mayan in South America. The Vedic civilisation flourished 
on the plains between the two great rivers of India, viz., the Gangā 
and Sindhu. Except the Indus Valley civilisation, all other 
civilisations provide us sufficiently good data about themselves in 
the form of either archéological findings or literature or both 
which throws a considerable light on their character, type, form 
and extent. The Indus Valley civilisation, however, provides us only 
the data in the form of archeological findings of some seals which 
are as yet not deciphered. Of the remaining five, the Vedic 
civilisation strikes a difference. While the Babylonian, the 
Egyptian, the Chinese and the Mayan civilisations provide the data 
for study in the form of both the literature as well as archeological 
findings, the Vedic civilisation can be studied only through the 
literary data in the form of the Vedas; it does not provide us any 
archeological findings through excavations. Even whatever Vedic 
literature has come down to us has come down only through oral 
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tradition and not in the form of any written documents. While 
studying the Vedic civilisation, we have to rely on the Vedic texts 
themselves since there are no other means like the archeological 


findings to testity the accuracy of the literary evidence provided by 
the Vedas. 


The word Veda, from Vvid ‘to know’, means ‘knowledge’. The 
Vedas are thus taken to be the reservoir of the ancient knowledge 
gathered by the Aryan people in ancient, pre-Vedic times. And if it 
is the scientific knowledge which requires preservation and which, 
therefore, has been preserved with utmost care and sanctity 
throuh oral tradition throughout the long span of five thousand 
years, it must contain an element of precision. The desire for 
precision in knowledge requires an attitude for expressing 
scientific facts and theories in a quantitative way on the part of the 
scientists or investigators. Such an attitude in turn requires and 
presupposes the knowledge of mathematics which alone helps us 
in quantification. The knowledge of the basic, natural numbers 
from 0 to 9 is, therefore, an ā priori requirement for 
quantification, since mathematics starts with the procedure of 
computation and counting with numbers. If, therefore, the Vedas 
claim to contain the ancient, pre-Vedic knowledge, it automatically 
follows that they must also contain the knowledge of at least 
elementary mathematics involving numbers which has helped 
them in the quantification of their knowledge. In other words, if 
the Vedic authors have quantified all their knowledge which was 
worthy and capable of quantification, they must, at least in some 
places, be found to have been using mathematics and the natural 
numbers in their compositions. 


As will be clear from the following pages, the Vedic authors do 
exhibit the knowledge of mathematics in their compositions. They 
have used the numbers, the four basic mathematical operations of 
addition, subtraction, multiplication and division; also they know 
to build up infinite number of infinite series with different 
progressions. All such data can be collected and be subjected to 
critical study. 


2 


The Scope of the Present Work 


A number of views regarding the stage of Vedic civilisation have 
been expressed by different scholars, Indologists, Linguists, 
Historians, Archeologists etc.—from the one which assumes the 
Vedic culture as primitive, simple without any complexities and 
any knowledge of different sciences to the other which says that it 
was the most highly developed civilisation, comparable to the 
modern one, with discoveries and inventions in practically all 
fields of life. Each of the points of view supports its conclusions - 
rather, convictions, with passages from the Vedic literature. 


Perhaps the most certain and accurate means to measure the 
development of a civilisation and culture is the study of 
mathematical knowledge as displayed in its literature. No 
civilisation can develop and progress without the development and 
progress in mathematics. Converely, progress in mathematics 1s à 
measure of the development of a civilisation. 


The scope of the present monograph, therefore, is set out to be 
the study of the knowledge of mathematics of the Vedic people, 
because, as we have said before, we will not be able to know the 
real stage of the Vedic civilisation without knowing the stage of 
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development in mathematics. The scope of the study is, therefore, 
in the first place, limited to the study of natural numbers, and the 
four, main, basic mathematical operations only. Though 
mathematics comprises of the three branches viz. arithmetic, 
algebra and geometry, the study is purposefully restricted to 
arithmetic only, because it is only with numbers that the real idea 
of quantification dawns on the mind. 


Secondly, the Vedic literature really embraces a vast field: the 
Vedic samhitās, the Brāhmaņas and the Upanisads. The study is 
restricted in this case only to the study of the nine main Vedic texts 
which go by the name of samhitās and which are really taken as 
samhitās by the Vedic recensions. They are as follows: the Rgveda 
samhitā, the Vājasaneyi Sukla Yajurveda samhità, the Kāņva 
samhita, the Samaveda samhità, the Atharvaveda samhita 
(including both the recensions viz. the Saunaka samhitā and the 
Paippatada samhitā), the Taittiriya samhitā, the Maitrayani 
samhita, the Kathaka samhita and lastly the Kapisthala Katha 
sarhhitā. There are no other texts which go by the name of, and 
which are taken to be Vedic samhitas as such. 


The purpose in limiting the study only to the samhitā-texts is to 
know the oldest stage of the mathematical knowledge in ancient 
India. Generally, all the works on ancient Indian mathematics 
which have been written uptill now start at the earliest from the 
study of the Sulbasütras which come definitely after the Vedic 
sarhhitās. Most of the works start with Aryabhaja I (Ist century 
A.D.) and do not touch even the Brahmana literature, let alone 
the Vedic literature. All the development in mathematics in the 
post-Vedic age, therefore, looks like a sudden off-shoot without 
any prior tradition in the field. It is with the view, first, to know the 
mathematical development in pre-sulba-sütra and pre-Brāhmaņa 
‘periods that the present study is restricted only to the samhita 
texts. Secondly, such a study from the beginning of the Vedic 
period will certainly help us to build up step by step the authentic 
history of mathematics in ancient India. 
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The study is also restricted to the arithmetical part in 


mathematics. Not ihat the Vedic people did not have the 


knowledge of what we today call as geometry and algebra. But the 
inclusion of the algebraic and geometrical interpretation of the 
sarhhitā-verses would have made the work too bulky. Hence the 
geometrical and algebraic studies are also excluded from the 
present study; the arithmetical aspect is more concentrated upon. 


An important point requires to be remembered in this 
connection. The Vedas are not the texts on mathematics. In 
general, we do not know the aim, purpose and scope of the Vedic 
samhitàs. Whatever mathematical data are presented here for 
study are drawn by implication on the basis of the interpretation of 
the Vedic texts. Sometimes the Vedic texts are very clear and state 
in expticit words the results arrived at; cf. for example, the passage 
from TS. 7.4.11: dvau sadahau bhavatah. tāni dvādašāhāni 
sampadyante (= two six-days make twelve days). In some cases, 
however, we have to know the mathematical results by implication; 
cf. for example the passage from MS. 3.9.3: daša vai pasoh 
prāņāh; ātmā ekādašah in which the result 10+1 = 11 is to be 
known by implication. But in general, even the implied 
mathematical statements and expressions are comparatively clear 
even to one untrained in mathematics. 


Though the nine Vedic sarhhitās are not composed in the same 
place and time, they as sarnhitā-texts are taken as a whole 
literature because they form the basis of interpretation in the later 
brahmana literature. 


We start with recording the cardinal number-words as stated in 
the samhitā-texts taken as a whole for our present study. 


The following Table No. 1 gives the list of all the cardinal 
number-words actually recorded in the nine Vedic samhitas. 


Om Th we 


TM m 
O 


Number-words occurring 


in the sarnhitās 


catur 
pafichan 
şaş 
saptan 
astan 
navan 
dasan 
ekādašan 
dvādašan 
trayodaSan 
caturdasan 
pancadasan 
sodasan 
sapadašan 
astādašan 
ekonavimšati 
ekānnavimšati 
navadašan 
vimšati 
ekavirhšati 
dvāvīmšati 


trayovīrnšati 
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Table No. 1 


Modern numerical symbol 


indicating the value 


wowowraunr o0 m - 


The Scope of the Present Work 

26. caturvirn$ati 

27.  parīcavimšati 

28. sadvīmšati 

29.  sapta virhšati 

30.  tri-nava 

31. astavirnSati 

32.  navavirh$ati 

33. ekānnatrimšat 
34. trisat 

35. ekatrirhšat 

36. dvātrirhšat 

37. trayastrirhšat 

38. catustrirh$at 

39. panīcatrirmšat 

40.  sattrirh$at 

41. astātrirhšat 

42. ekānnacatvārirhšat 
43. catvāriršat 

44. ekacatvārirhšat 
45. catus catvārirhšat 
46. panca catvārirhšat 
47. navacatvārimšat 
48.  ekasmāt-na-panīcāšat 
49.  ekasyai-na-pancásat 
50. panīcāšat 

51. ekapanīcāšat 
52. dvāpanūcāšat 
53. tripaücàásat 
54.  panicapancá$at 
55. satpancà$at 


ekāšīti 
catur-asiti 
paficasiti 
astasiti 
navāšīti 
navati 
ekanavati 
dvānavati 
paficanavati 
gaf-navati 
astanavati 
ekānnašata 


Sata/ekašata/dašati 


dvišata 
trisata 
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58 
59 


ISR 


100 or 10? 
200 
300 
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86. catuśśata 400 
87. pañcaśata 500 
88.  dašašata 1000 or 10* 
89. sahasra 1000 or 10* 
90. trisahasra 3000 or 3 X 10* 
91. catuhsahasra 4000 or 4 X 10° 
92. satsahasra 6000 or 6 X 10° 
93. ayuta 10,000 or 10* 
94. niyuta 100,000 or 10* 
95. prayuta 1000,000 or 105 
96. arbuda 10,000,000 or 10” 
97. nyarbuda 100,000,000 or 10* 
98. samudra 1000,000,000 or 10? 
99. madhya 10,000,000,000 or 10? 
100. anta 100,000,000,000 or 10!! 
101. _parārdha 1000,000,000,000 or 10? 


Besides the numbers recorded above, we have again the 
following numbers in between the bases of one hundred and one 
thousand, and one thousand and ten thousands. These numbers, 
or rather number-words, have no single term but are calculated in 
terms of the multiples of ten, hundred and thousand. For the sake 
of avoiding unnecessarily long list of all the numbers recorded in 
the Sarhhitāas, the numbers recorded only in the RV are 
reproduced here, because they are sufficient to give us the idea of 


how the Vedic people were expanding the number-system and 
communicated. They are follows: 


Satam ekam ca (101), fatarh sapta ca (10047 = 107), tisrah 
paūīcāšatah (50450450 = 150), trih sastih (60460460 = 180), dve 
Sate (100+100 = 200), tisrņām saptatinàm (70470470 = 210), trīņi 
Satani (10041004100 = 300), sākam trišatā sastih (604300 = 360), 
parca Sata (100+100+100+100+100 = 500), sapta Satani virh$atih 
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ca (700+20 = 720), navatim nāvyā or navānām navatinām (9 
ninties = 9 X 90 = 810), sahasra or daša Sata (10 hundred= 1000), 
trih sapta saptatīnām (3X7X70 = 1470), vimSatim šatā (20 
hundred = 2000), trimSat $atam (3000), trini Sata tri sahasrāņi 

trirhšatam ca nava ca (300+3000+30+9 = 3339), catuhsahasram or 
catvāri sahasrā (4000), sastih Sata (6000), asta sahasri (8000), 
daša sahasrā (10,000), sastih Sata... sat sahasrā sastih sat 

(6000+6000+60+6 = 12066), trirhšatam... sahasrani (30,000), 
paficaSat sahasrā (50,000), sastih sahasram (60,000), sastim 
sahasrā navatim nava (60,099), and finally sahasrini $atā 
(100,000) which is the highest number mentioned in the Rgveda. 
We have still one more number which may be interpreted as 
higher than the highest mentioned above viz. 100000; the 
wording, which is ambiguous, is: sahasráni Sata daa which means 
differently if interpreted in various ways. If interpreted as 
sahasrāņi Sata *da$a, it means 100,000+10 = 100,010; if interpreted 
as daša Sata sahasrāņi , meaning ten hundred thousands, it gives us 
the number, 1000,000, which will be the highest number 
mentioned in the Rgveda. There is still another number 
mentioned in the Rgveda; but it is not given in terms of multiples 
of ten, hundred or thousand; it has an independent, single term. 
The number is ayuta whose value cannot be exactly determined. If 
later mathematical or astronomical literature is to be believed, 
ayuta represents the number da$a sahasrā i.e. 10,000 and the 
expression catvāri ayutā in RV. 8.2.41 would mean 40,000. Sayana 
at RV. 4.26.7 renders  ayuta by ayutasamkhyākam 
aparimitasarhkhyākam ity arthah , which shows that even Sayana is 
not sure of the exact value of the number signified by the term 
ayuta. It is to be noted that Rgveda does not define any of the 
numbers. It is also to be noted that there is no explicit mention of 
the number zero in the Rgveda. Also, there is absolutely no 
mention of the negative numbers. These numbers notedabove are 
expressed not by single words, but by phrases containing number- 
words. These phrases, it should be incidentally noted, state down 
in a way the process of addition. 
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' VS. 17.2 mentions a series of numbers starting from the basic 
10, each succeeding one of which is ten times the immediately 
proceding one. Thus, starting from 10, we have, 10 (daa), 100 
(Sata), 1000 (sahasra), 10,000 (ayuta), 100,000 (niyuta), 1000,000 
(prayuta), 10000,000  (arbuda), 100,000,000 (ny-arbuda), 
1000,000,000 (samudra), 1000,000,000,0 (madhya), 
100,000,000,000 (anta) and lastly 1000,000,000,000 (parārdha). 


The TS. (cf. 4,4.11.4) follows the VS. ad verbatim; but the KS 
(cf. 17.10) interchanges the places of prayuta and niyuta; thus, 
according to KS, VS. niyuta (10*) = KS. prayuta (105); and VS. 
prayuta (10°) = KS. niyuta (10*). The PVB (=pafica-virh$a- 
brāhmaņa) gives different names to the numbers; cf. VS. arbuda 
ie. 10’ = PVB. nikharva - 10°, Vadara = 10°, aksiti = 10” and 
parardha = 10". The MS. follows VS upto the number ayuta i.e. 
10*; but lists and names the next numbers as prayuta - 10° (= VS. 
niyuta), ny-arbuda = 10* (= VS. prayuta), samudra = 10” (=VS. 
arbuda), madhya = 10* (= VS nyarbuda), anta = 10° (= VS. 
samudra) and lastly parārdha = 10" (= VS. madhya). 


It will be evident that all these numbers are multiples of ten and 
can be arrived at by raising the power or index of the number 10. 
Though, therefore, none of the Vedas states and names the 
numbers after parārdha i.e. 10'*, we can obtain the next multiples 
by raising further the powers of 10 and go on counting the 
numbers as 10?, 10'*, 10" etc., etc. and we can have infinite series 
like this. Though the VS. and other Samhitas do not lay down 
explicidy the procedure of raising the powers, the whole 
procedure is implied in the explicit statements of the series itself. 
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The Sequence or the Serial Order 
of the Numbers 


The sequence of the integers from 1 to 10 is the same as is 
followed by us even today. In other words, the sequence of 
numbers has not changed at all throughout these ages. 


RV. 6.45.5 (tvam ekasya vrtrahan avila dvayor asi ) gives us that 
the number two follows the number one. The Rgvedic passages 
8.45.34 (mā na ekasminn āgasi, mā dvayor uta trigu ), 10.48.7 
(abhid ekam eko asmi nissād, abhi dvā, kim u trayah karanti ) 
state the sequence of the first three numbers as 1, 2, 3. The rc 
1.155.5 (dve idasya kramane......trtiyam asya nakir 4 dadhargati ) 
states that 3 follows 2. The passage, guhā trīņi nihitā nengayanti 
turīyarh vaco manusyā vadanti , RV. 1.164.44 gives the sequence of 
3 and 4, the latter following the former. The passage, jyestha āha 
camasa dvā kareti.... trin krnavama....caturas kareti, RV. 4.33.5, 
gives the sequence of 2, 3 and 4 as the same as is followed to-day. 
That the number 5 follows the number 4 is given in the Rgvedic 
passage, 10.13.3: pafica padāni rupo anvaroham catuspadīm 
anvemi vratena, which means that once one follows by sequential 
order the number 4, he can reach (lit. ride) the number 5. 
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The rc 10.27.15 (sapta viráso adharād udāyan, asta uttarāttāt .... 
nava pašcāttāt....āyan, daša prāk sānu virājati ) gives the order of 
the numbers from 7 to 10 as 7,8, 9, 10. 


That 11 is stated to come after the number 10 is clear from the 


Rgvedic passage, 10.45.85 (dašāsyām putran ādhehi, patim 
ekāda$am krdhi). 


The word ekādaša used for the number 11 makes it clear that 
11 = 1+10. This shows that the first series of single-digit numbers is 
over and the second series has started. It also makes it clear that 
the second series arises out of the first series by additing the 
numbers 1, 2, 3.....9 to the number 10. Thus, we have ekādaša 
(eka+da$a) = 1+10; dvādaša (= dvā i.e. dvitdaSa) = 2+10; trayodasa 
(= trayah from tri«dafa) = 3+10 and so on. This second series 
continues upto the number 19, which is represented as the sum of 
9+10 by using the number-word nava-daša (9410) available in the 
VS. 


The numbers 5, 6 and 7 are, nowhere explicitly stated to be in 
the serial order at least in the RV. Yet that they are the consecutive 
numbers coming after the number 4 can be guessed by the words 
caturda$a (4+10), parīca-daša (5+10), sodaSa (= sat+dasa i.e. 6410) 
and sapta-daša (7+10). That the number pafica-dasa comes after 
the number catur-da$a is implicit in the Rgvedic statement, 
10.114.7 & 8; cf RV. 10.114.7: caturdašānye mahimāno asya 
which is immediately followed by RY. 10. 114.8: sahasradhā 
paficadašāya ukthā. From the fact that 14 = 4+10, 15 = 5+10, 16 = 
6+10 and 17 = 7+10, we can infer that though the serial order of 
the number 4, 5, 6 & 7 is nowhere explicitly given in the RV, it is 
implied in the above expressions. 


The hymns nos. 5.15 and 5.16 from the AV, however, explicitly 
state the numbers from 1 to 10 in the serial order as: eka, dvi, tri, 
catur, pafica, sat, sapta, asta, nava, daa and ekādaša. The rest of 
the numbers can then automatically follow. 


VS. 9.31-34 also lists the first 17 numbers in the regular 
sequence which gives us that the number 5, 6, 7, 8, 9 and 10 follow 
the number 4 in that order; cf. 
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VS. 9. 31-34: ekāksareņa pranam...dvyaksarena dvipadah... 
tryaksarena trin lokān...caturaksareņa catuspadah... 
paficaksarena pafica di$ah...sadaksareņa sadrtūn...saptāksareņa 
sapta grāmyān... astāksareņa gayatrim... navāksareņa trivrtam... 
daSaksarena virājam... ekādašāksareņa tristubham... 
dvādašāksareņa jagatim... trayodašāksareņa trayoda$arh stomam 
caturdašāksareņa caturdašam stomam... pancadaSa-ksarena 
paficadašam... sodaSaksarena sgodašam... saptadašāksareņa 
saptadašam stomam udajayat, which lists numbers 1-17 in a serial 
order. VS. 14.23 goes on to specify numbers 17-25 in the serial 
order; cf. paficada$ah... saptadaSah... asfadaSah navadaSah... 
savirhšaļ... ekavimšaļ... dvāvirhšaļ... trayovirh$ah... 
caturvithSah... paficavirhšah. After this, the series is not in the 
order; yet the counting continues upto the number 48; cf 

trignSah...  trayastrirhšah...  catustrirhšah... —saftrim$ah... 

catvárirhsah . It is to be noted that for the number 19, we have 
two words, viz., navada$a and ekona virhšati. As is evident from the 
word navada$a which can be split up as nava*da$a (i.e. 9410), the 
author seems to start with the base 10 and arrives at the number 19 
by adding successively the numbers from 1 to 9. The word 
navadaša thus implies the process of addition. This word is 
invariably used in the VS. The other word viz. ekonavimSati, split 
up as eka+ūna+virhšati (lit. ‘one less than 20’) shows the author is 
viewing the number 19 as ‘one less than 20’. This word, therefore, 
implies the process of subtraction; thus 19 = 20-1. This word is 
found to be used only in the Atharvaveda for the first time. After 
the Atharvavedic stage, the word ekonavirhšati replaces the word 
navadaša which becomes obsolete; cf AV. 19.23.16: 
ekonavirhšatih svāhā. 


The number 20, expressed by the word visati marks the end 
of the second series from 11-19 and the beginning of the next, 
third series from 21 onwards. The numbers in these series also are 
expressed as an addition of the numbers from 1-9 with the number 
20. It is really interesting to note that the VS. 14.31 (navavimSatya 
stuvata) expresses the number 29 also as nava* virn$ati (i.e. 9420) 
and not as eka-üna-tririat (i.e. ‘one less than 30’). It seems, 
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therefore, that primarily the development of numbers and the 
series seems to be based on the principle of addition of 1 to the 
previous number. This was in the times of the RV. and VS. The 
view of a number, like, say, 19 or 29, as ‘less than the next by one’ 
seems to have developed later on. This started from the times of 
the AV. onwards. 


VS. 25.4,5 enumerate the numbers 3-13 in the serial sequence. 
VS. 39.6 lists the sequence of numbers 1-12. VS. 27.43 states in 
sequential order of the numbers 1-4. RV. and VS. 12.75 mentions 
the number 107 as an addition of 10047; cf. Satam dhāmāni 
sapta ca. 


The word trirhšat refers to 30; catvārīrhšat to 40; paficāšat to 50; 
sasti to 60; saptati to 70; aSiti to 80 and navati to 90. For 100, the 
word used is Sata; sahasra signifies 1000. 


The RV. contains the words like ayuta, prayuta, arbuda, anta, 
samudra, etc. Yet, except the word ayuta, other words do not 
signify the numerical values. 


The VS, as we have seen, contains a regular series from 1 to 10**. 


The number $atam marks the end of the two-digit series and the 
beginning of the three-digit series. The number sahasra marks the 
end of the three-digit series and the beginning of the four-digit 
series. 


It will be clear from tne above that for all practical purposes of 
general counting in every day life, the number 10 (da$a) seems to 
have been assumed as the primary base in Vedic times. It is also to 
be noted that each succeeding number is arrived at by adding the 
number 1 (eka) to the preceding number. The natural integers 
are thus clearly an example of what modern mathematics calls as 
‘the arithmetic progression with a difference of 1 between any two 
consecutive numbers'. Thus we have, 


x, x«l, x+1+1, x+1+1+1 etc. as the general formula for the 
natural integers. 


4 


Characteristic Features of the Vedic 
Number-System 


By filling up the unrecorded numbers in the Vedic number-system, 
we find that it gives a full-fledged number-system which we are 
following to-day. Even through large expanse of time and space, 
the Vedic system seems to have been adopted and followed by us 
in toto in its original form as given in the Vedas. As such the 
modern number-system inherits all the characteristic features of 
the old Vedic number-system. It is also true that in the process of 
adopting and following the old Vedic number-system, we have nót 
made, even after or through a period of 4000-5000 years, any 
noticable contribution either by way of change or modification to 
the old system. The Vedic number-system exhibits the following 
chief characteristics: 


4.1. Arithmetic Progression 


Each succeeding number can be obtained by the addition of 
'one' (1) to the immediately preceding one'. Thus 2 can be 
obtained by adding 1 to 1; 3 by adding 1 to 2 etc. There is, 
therefore, always a difference of 1 between any two consecutive 
numbers. In the words of modern mathematical terminology, the 
series of numbers increases in 'arithmetic progrogsion'; the whole 


18 Mathematics as Known to The Vedic Samhitas 


series therefore, seems to have been based on the principle of 
‘arithmetic progression’. 


4.2. ‘Ten’ as the radix 


If we examine the number-words used for numbers after ‘ten’, 
we find that they contain ‘two words’. For example, the word 
ekādaša contains the word eka and daša for the single number 
‘elevan’; so also with all the following numbers. The numbers from 
‘one’ to ‘ten’ are, however, expressed only with one word. This 
means that the number ‘ten’ seems to have been used as "the 
radix’ or ‘the base’ for all the following numbers. With the 
number ‘ten’ (dasa, 10) as the radix, the Vedic number-system has 
turned to be ‘a decimal system’. 


The most important result of the base ‘ten’ has been that the 
series, which is one-digit series upto the number ‘nine’ changes its 
form to a two-digit series, in which the preceding number-member 
is ‘one’. This continues upto the number ‘nineteen’ at which 
stage, the series again changes its form with the preceding 
number-member being ‘two’ standing for ‘twenty’. The number 
‘twenty’ is, as we know, a multiple of ‘ten’. At thirty, the decimal 
place is occupied by the number ‘three’ standing for ‘thirty’. In 
every successive series afterwards, the decimal place is occupied by 
numbers ‘four’, ‘five’ etc. in order, until we reach the number 
‘ninty nine’. At this stage, the series changes its level or rank to ‘a 
three-digit’ system and so on. 


The base ‘ten’ thus is very important and has given to the system 
an absolutely systematic character with an element of 
predictability. The following explanation will clarify the above 
statement. We can see that the single-digit series from one to nine 
(1-9) has nine members in it. The next two-digit series from 10-99 
has ninety members in it, which number is ten times that in the 
former series of single-digit. The next three-digit series from 100- 
999 has nine hundred members in it, which is ten times that in the 
preceding two-digit series and so on. To put it symbolically in 
modern notation, we have the following picture: 
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Single-digit series = 9 members = 9 x 10° 

two-digit series = 90 members = 9 x 10! 

three-digit series = 900 members = 9 x10? 

four-digit series = 9000 members = 9 x 10° and so on. 


From this we can easily predict the number of members in any- 
number-of-digitseries. Thus the number of members in a series 
(based on the number of digits) can be predicted in terms of the 
power of the base ‘ten (10)’. 


That the whole system is based on the basis of ten (10) is clear 
by the fact that the transformation of the single-digit number- 
structure into multi-digit number-structure can be easily brought 
about by multiplying the previous one by ten; thus, 1X10 = 10; 
10X10 = 100; 100X10 = 1000 and so on. The commentators Uvata 
and Mahidhara on the VS. note this point specifically; cf. Uvata on 
VS. 17.2: evam ekāprabhrti da$asarhkhyāguņitam parārdha- 
paryantam pūrvottarasarhkhyā-samuccitam vardhamāna 
sarhkhyeyanistham samkhyājātam . cf. also Mahidhara on VS. 17.2: 
atra ekādiparārdhaparyantaih $abdaih uttarotaram da$a-daša- 
guņitā sarhkhyā ucyate; eka ekatvasamkhyāvišistā sā daSagunita 
da$asamkhyām āpadyate; sā (= dašasarhkhyā) dašaguņitā $atarh 
bhavati;... $atarh daSagunitam sahasram bhavati; sahasrarh 
daSagunitarh ayutarh bhavati; ayutam daSagunitam niyutam 
bhavati...niyutarh dašaguņitam prayutam bhavati....prayutarh 
dašaguņam  kofih; kotir daSaguna  arbudam; arbudam 
da$agunam nyarbudam; nyarbudašabdena ^ abja-samkhyà 
Jūieyā...tena abjam da$agunam kharvam, kharvam dašaguņam 
nikharvam; nikharvam dašaguņam mahāpadmam; 
mahāpadmarh  da$agunam Samkuh;  $amkur daSagunah 
samudrah; samudro  da$agunah | madhyam; madhyam 
dasagunam antah; antah daSagunah parardhah. 


To put the above explanation of VS. 17.2 by the commentator 
Mahidhara into number-symbols, the following numbers are 
recorded by VS: 
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1. eka 1=1 
2. dasa 10=10! 
3. Sata 100 = 1(* 
4. sahasra 1000 = 10* 
5. ayutam 10,000 = 10* 
6. niyutam or laksa 100,000 = 10° 
7. prayutam 1,000,000 = 10* 
8. arbuda or koti 10,000,000 = 10” 
9. nyarbudam or abja 100,000,000 = 10° 
10. kharva 1,000,000,000 = 10? 
11. nikharva 10,000,000,000 = 10° 
12. mahapadma — 100,000,000,000 = 10" 
13. Sarhku 1,000,000,000,000 = 10” 
14. samudra 10,000,000,000,000 = 10° 
15. madhya 100,000,000,000,000 = 10'* 
16. anta 1,000,000,000,000,000 = 10 
17. parārdha 10,000,000,000,000,000 = 105 


The VS. 17.2, however, does not note the words from 10-13, 
called kharva, nikharva, mahāpadma and šarhku. The total 
number of numbers noted by the Veda, therefore comes only to 
13. Without the commentary of Mahidhara, the following will be 
the number-symbols of the numbers from 14-17: 


samudra = 10°; madhya = 10"; anta = 10" and parārdha = 10”. 


These are in all 17 numbers noted by Mahidhara; how he says 
that the total numbers noted are 18 is not clear; cf. Mahidhara = 
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on VS. 17.2: evam ekadi-astadaSa-samkhydsamjnhasammitah. The 
VS., however, notes only the 13 numbers from 10° to 10". The 
number 10", therefore, seems to be the highest number recorded 
by Vedic sarhhitās. It is to be noted that VS. 17.2 = KS 17.10 = KKS. 
26.9. 


4.3. Simple and Compound Numbers 


When we go through the above list of cardinal number-words 
mentioned in the Vedic Sarhhitās, we find, grammatically 
speaking, two types of number-words. The one type of words from 
eka to daša contains what in Paninian terminology is called as one 
‘pratipadika’.? The other type of words from ‘eka-das’a’ onwards 
consists of two nominal bases or pratipadikas. The first member of 
the second type is always one of the words from ‘eka’ to ‘nava’; the 
other member is either ‘das’a’ or its multiples i.e. dasa, vimSati, 
trīmšat, catvārirh$at, paficasat, sasti, saptati, aSiti or navati. The 
numbers above Sata i.e. one hundred are not expressed in one 
single term or pratipadika consisting of either one or two nominal 
bases, but are expressed by resorting to the procedural way of 
addition; thus ‘one hundred and one’ is expressed as ‘ekarh ca 
šatam ca’, (RV.1.117.18) ‘One hundred and seven’ is expressed as 
‘Satam sapta ca’ (RV. 10.97.1) and so on. 


If, suppose, we represent the prātipadikas or nominal bases by 
some symbol, say, N (meaning Nucleus)’, we get that the number- 
word eka can be represented only by one symbol, viz. a single N, 
while the number-word, ekādaša, dvādaša etc. which are above 
daSa require two symbols, viz. N,N, or N,*N, i.e. two Ns as the 
latter words contain two nominal bases. Thus, eka - N, while 
ekādaša = N.N. 


In the terminology of Panini’s grammar, when two prātipadikas 
combine together to form a third prātipadika, the latter thus 
formed newly, is termed as the 'samása' or compound. 
Grammatically speaking, therefore, the number-words from eka or 
daša are ‘non-compounded pratipadikas, ’ while the number-words 
above daša are ‘compounded prātipadikas” or nominal word- 
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structures. To transfer the same terminology to the number- 
symbols, we may say that the number-symbols or, in short numbers, 
from 1 to 9 are noncompounded numbers while those after 10 are 
compound numbers”. Yet, it must be remembered at this stage that 
the numbers after ‘ten’ are ‘compound numbers’ because the 
number-words for numbers after ‘ten’ are ‘compound words’. It 
also needs to be noticed that though the number ‘ten’ in symbols 
as ‘10’ looks a compound symbol and hence a compound number, 
since it consists of two digits, the number-word for ‘ten’, viz. daša is 
not a compound word-structure according to the rules of Sanskrit 
grammar of Pāņini, since it does not contain two words. Why then 
the number ‘ten’, 10 in symbols, is represented by two separate 
symbols-one for *one' and the other for *zero', instead of by one, 
single symbol? 


If we examine closely the Vedic number-words, we find that 
while the numbers from ekadaSa onwards are expressed in terms 
of the numbers from eka to nava, the latter are not expressed in 
any terms at all. In other words, while the former require the help 
of the latter, the latter do not require any help at all. Put it in a 
different way, while the words or numbers from eka to dafa are 
underived, the words or numbers from ekādaša onwards are 
derived from the former. To illustrate, eka is just eka; but ekādaša 
= eka*dasa. Thus, the number-word, and consequently the 
number, ekádaga seems to have been coined in terms of eka and 
das'a. As a corollary of the above statement, we can say that the 
number ekādaša is obtained by the addition of eka with dasa. This 
is clear by the following Vedic passages: KS. 26.4: daa vai pasoh 
pranah ātmā ekadaSah, which is repeated in MS 3.7.7; 9.3; KKS. 
41.2. KS. 29.9: daša vai puruse pranah ātmā ekādašah , KS. 28.3 
explains the same thing in another context; cf KS. 28.3: dasa 
vasavah indra ekadaSah; daša rudrah indra ekādašah; daša 
ādityāh indra ekádasah. AV.5.15.1 only mentions the summation- 
procedure for 11; cf eka ca me daša ca me. So also, other 
numbers after elevan are expressed in terms of ten; cf. KS.33.2. 
daa vai puruse pránáh stanau dvādašau, in which 12 = 1042; TS. 
7.3.7.4 explains 15 as a sum of 1045; cf. parīcadaša etah; tsar yah 
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daSa...yah pafica. So also 14 = 1044, for which cf. TS. 7.3.5.3. 
caturdasa etāh; tāsām yah da$a..yà$ ca catasrah dišah. By 
continuing the process of adding the numbers 19 to the number 
10, they represent 20 as 1010; cf. TS. 7.3.7.4: virh$o vai purugah 
daša hastyā angulayo dasa padyáh. Taking the bases 20, 30, 40, 50, 
60, 70, 80 and 90, the AV. 5.152-9 explains 22 as 2042 (cf. 5.15.2: 
dve ca me virhšatis ca me ), 33 as 30+3 (5.15.3: tisra$ ca me 
trirhšac ca me ), 44 as 40+4 (5.15.4: catasra$ ca me catvārirh$acca 
me), 55 as 5045 (5.15.5: parīca ca me paficāšac ca me ), 66 as 6046 
(5.15.6: sat ca me sasti ca me ), 77 as 7047 (5.15.7: sapta ca me 
saptati$ ca me ), 88 as 8048 (5.15.8: asta ca me aSiti§ ca me ) and 
99 as 9049 (5.15.9: nava ca me navati$ ca me ). 


We, therefore, find that taking clue from the procedure of 
addition of 1410, or 101, the number-system in the Veda has been 
built up and also extended to count numbers beyond ten; thus 
1041 = 11; 1042 = 12 and so on until 20 which is the next base for a 
change of series in the second rank; we can then proceed by 
adding 1 with 20 etc; and we get 20+1 = 21, 2042 = 22 etc. 


The same operation is repeated when we arrive at the three- 
digit number 100; and we build up 100+1 = 101, 10042 = 102 and 
so on. We can thus build up an un-ending series and ranks by this 
method. That the same operation of addition of numbers 1-9 is to 
be repeated even after the three-digit number 100 (and also four- 
digit number of 1000 and so on) is clear from the Vedic passages 
in which the numbers after 100 etc. are recorded; cf., for example, 
the numbers 101 as 100+1 (RV.1.117.18: Satam ekarh ca mesan ), 
110 as 100410 (RV.2.13.9 satarh và yasya daša sākam adya ), 360 as 
300460 (RV.1.164.48: sákarh trišatā...sastih ). 


The Vedic number-system is based on the gradation of ten. All 
other languages from the Indo-European, or rather Indo- 
Germanic family have followed the Vedic system of number- 
building. The following few examples for numbers 1119 from 
some of the European languages will illustrate the point (cf. also 
Appendix A). 
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Table No. 2 
— 
Nos.Sanskrit Latin Italian French 
— an py qe 4 Der 
10. daga decem dici dix 
ll. ekadaga un-decim un-dici on-ze 
12. dvā-da$a duo-decim do-dici douze 
13. trayo-daša tre-decim tre-dici treize 
14. catur-daša quattuor-decim quattor-dici  guatorze 
15. parīca-daša quin-decim quin-dici quin-ze 
16. $0-da$a se-decim se-dici seize 
17. sapta-daša septen-decim _ dicia-sette dix-sept 
18. astádafa octo-decim dici-otto dix-huit 
19. nava-daša - dicia-nove dix-neuf 


19. ekonavirhšati unde-vigīnti E TUM 


T0000 


The languages other than Sanskrit and Latin as is clear from the 
above Table No. 2 change their number-counting a little from the 
numbers 17-19, by putting the word for 'ten' first, while Sanskrit 
and Latin are throughout consistent. Thus, for Sanskrit, the 
numbers from 11-19 are additions of 10 with numbers from 1 to9. 
For Latin 19 is not 9-10 but 20-1. For other languages, the number 
17, 18 and 19 are additions of numbers 7, 8 and 9 with the number 
10 as is clear from the change of position of the word dici or dix 
from posterior to prior to the word signifying the numbers 7, 8 and 


9. Even in the middle Indo-Aryan stage, viz. the Sauraseni, - 


Mahārāshtrī, Ardhamāgadhī and Apabhararh$a, the number-words 


from 1-9 occupy the first position, prior to the number-word data. 
(cf the Appendices). 
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4.4. Grammatical Derivation of some numbers-words 


As we have said above, though the compound number-words 
from ekādaša onwards can be derived or dissolved, since kukas 
compounds both from strictly grammatical and ramus! 
point of view, the single-digit numbers from eka to dasa, vim 
trirhSat, catvārīrhšat, paficasat, sasti, saptati, aSiti, navati, Sata " 
sahasra are not derived by any Sanskrit grammarians. koh e 
Unadi-satras, following the etymological Principles different "e 
Pánini's have tried to derive mechanically the following es 
number-words, viz. eka, tri, paūīca, sapta and asta. In doing $O, he 
author of the uņādi-sūtras seems to follow Maka whose apēst $ 
etymological consideration is: na tv eva na nihayi (= one shou 
never say that he cannot derive even a single word)®. 


4.4.1. The word eka 

The uņādisūtra, 4526, viz. a lt lhe ni ken > 
lays down the suffix kan i.e. ka for the root i ‘to go’ (2nd conj. 
Par.); thus, 

itka 

= e*ka (guna of i into e) 

= eka (= one). 

The book Auņādikapadārņava , 3.108, gives three meanings of 

eka as 'one, the other and only'; cf. eko'nyārthe pradhāne ca 


prathame kevale tatha; following the above, BD. gives the three 
meanings as mukhya, anya and kevala; cf. BD. mukhyanyakevalah. 


4.4.2. The word tri 


In the uņādisūtra, 4950, tarater drih, the word tri is derived 
from the root Ntr ‘to swim, to float’; the suffix is ri (uņādi, dri), 


the process is: 
tr+dri 
= tr+ri (d = 0 according to Panini 1.3.7) 
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= t+ri (r= 0 according to Panini 6.4.143) 
= tri (= three). 


The Auņādikapadārņava does not note either the sūtra or even 
the form tri. 


4.4.3. The word pañca 


The Auņādikapadārņava (ibid. 1.820) does not derive this 
form grammatically. He, however, notes that the number-word 
pafica signifies a number between catur (i.e. four) and saf (i.e. 
six); cf. panīceti satcaturmadhya-sarhkhyāvācīti dršyate; patica, 
therefore, denotes the number 'five'. 


4.4.4. The word sapta 


It is derived from the root Vsap ‘to gather, include’ etc. (cf. 
Pāņinian dhatupatha, $apa samavāye ) with the suffix - an, which is 
nowhere given in any of the uņādisūtras. What the uņādisūtra 
states is only an āgama viz. tuf ie. t before the suffix a. The 
uņādisūtra which states the āgama t is: sapy-aSübhyàm tut ca, 
4358. The process is: 


sap+an 

=sap+tuf+an 

=Sap+ttan (tand u both are zeroed) 
= saptan (= seven). 


4.4.5. The word asta 


The word asta is derived from Va$ ‘to pervade' (cf. Pàninian 
dhātupātha, ašū vyāptau , 5th conj. Ubhayapada) with the suffix 
an and the ágama t, which is the same as above. The sütra is: sapy 
ašūbhyām tut ca, 4358 and the process is: 


aš +an 
=aSt+an 
=aStan 


= asfan (retroflexion of $t) = eight. 
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The root a$ is from the 5th conj. and not from the 9th conj. 
(which means ‘to eat’) as the wording asūbhyām (with long a) in 
the sūtra suggests. The as from 9th conj. is designated by Panini 
simply as asa and ašu. 


4.4.6. The words sat, nava and daša are nowhere derived 
though the Auņādikapadārņava refers to the sütras in the 
commentary, which derive these three words; the sütras are: saheh 
gas luk ca, for the word sat (i.e. sas) and nudarmšor guna$ ca, for 
the words nava and daša. The suffix seems to be an. And we have, 


for sas, 

sah*an 

- sag*an (sah is substituted by sas) 

= sas+O (an = o according to the above sūtra) 

= şaş (= six). 

For nava, 

nutan 

=notan (ü»o, guna) 

= nav+an (O>av, according to eco'yavāyāvah) 

= navan (= nine) 
For daša, the sūtra is: nudarh$or guna$ ca. 
dams + an 

= da$+an (the nasal rh = o, according to Pāņini, 6.4.25: 
darhSasafijasvafijam $api ) 

= da$an (= ten) 

As the remarks in the Auņādikapadārņava show, the above 


three sūtras are not available in any of the presently available 
recensions of the uņādisūtras; cf. T.R. Cintamani, (ibid. p. 80): 


asmin pāde “sapyaSibhyam tutca” ityanantaram "nudarhšor 
guņa$ ca" iti. “saheh sas luk ca" iti ca sütradyayam navan-dasan- 
gaf-iti Sabdavyutpādakam  ujjvaladattena wākhyātam... evam 
anyair api tais tair vrttikāraih kānicit sütrány adhikāni vyākhyātāni 
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sūtrakramabheda$ ca tatra bhūyān paridršyate pāthabhedāns ca 
bhūyāmsa ity... alam bahunā. 


The two number-words dvi and catur for 'two' and 'four 
respectively are, however, even not referred to; nor again are they 
derived anywhere in any of the available recensions of the 
uņādisūtras; pafica is only referred to. We thus have the linguistic 
derivation for 7 number-words, viz. eka, tri, sat, sapta, asta, nava 
and daša. Since the four words sapta, asta, nava and dasa are n 
ending, the suffix assumed for them in the above grammatical 
process is-an i.e. a nending one; pañca is not derived at all. It is 
also to be noted that the suffix - an does not signify any meaning, 
unlike in Panini’s grammar. 


The above derivations of the uņādikāra look very artificial and 
mechanical in the sense that there is no semantic equvivalence or 
relation between the meanings of the roots and that of the word: 
derived from them. The meanings of the words thus derived would 
be: tri = ‘the thing that swims or floats’ (from tr); sapta = ‘the thing 
which includes’, and asta = ‘that which pervades’. These meaning 
are not available for the words in the language. Even the suffixes, 
which in Pāņīni's grammar guide us to the meanings of the 
derivatives, are not infused with any meaning at all. 


Granting allowance for whatever deficiencies and differences 
from Panini there are in uņādisūtrakārā's etymologies, the 
problem which still remains is: why did the Uņādisūtrakāra stop at 
giving out the etymologies of only 7 number-words? Why did he 
not attempt the etymologies of other words? He would have been 
at least taken as being consistent if he had etymologised the other 
remaining three words also. 


4.5. Underived words as base or radix for gradation 


We have seen above that grammatically the 20 words, viz. the 
first ten from eka to daša, then all the nine multiples of daša from 
virnšati to Sata and the number-word sahasra are underived words 
in the sense that no etymology or dissolution for them is given by 


Characteristic Features of the Vedic Number-System 29 


any grammarian. All other number-words being compounds are or 
can be dissolved. This distinction between the two types of 
number-words from grammatical point of view can help us to 
understand why they are taken by the Vedic people as bases for 
gradations. The first gradation-mark is dasa and is underived. It, 
therefore, serves as the first base for gradation. And likewise all 
other underived words are automatically accepted as the bases for 
the next gradations. Except the number-word dasa, no other radix 
number-word is either derived or even referred to by any of the 
recensions of the uņādisūtras. 


5 


The Methods of Countings 


As we have seen before, the successive numbers are available by the 
addition of 1 to the immediately preceding ones. And the counting 
of the numbers also is done accordingly in that order, viz. eka, dvi, 
brio saptadaša, astādaša etc. But if we look at the Table No.1 
which records all the numbers stated in the Vedic Sarhhitàs, we find 
that for navadaša (19) we have also the optional word-forms as 
ekonavimšati and ekānnavirmšati; so alsowith other numbers like 29, 
which is expressed by navavimSati as well as by ekānnatrirhšat. For 39, 
we have only ekānnacatvārirhšat and not navatrirhšat. cf. also forms 
for 49, 59, 69, 79, 89 and 99. 


5.1. Forward and Backward Counting 


We see from the above facts that the methods of counting numbers 
seem to be of two main types: 


(a) Starting the counting from the lower level and climbing to 
higher level step by step and 


(b) Starting from the higher level and descending to lower level 
so many steps as are required to arrive at the required 
number. Thus, the word nava-daša (for 19) implies that the 
starting point of the count is dasa (10) and the ascending is 
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done by nine (nava) steps to arrive at the required number 19. 
Thewords ekonavirmšati or ekānnavirhšati (or even ūnaviršati 
which is not available in the Vedic sarnhitas) indicate the 
starting point to be virhšati (20) and the descending is done 
by one step to arrive at the required number. We may call the 
first method of counting as ‘counting from the lowerlevel' or 
‘lower-counting or under-counting' or even ‘forward 
counting;' the second method then may be called 'the higher 
counting or the back-ward counting'. Thus the number nava- 
daša (19) is expressed not only by ‘forward counting as nava 
(9) + dasa (10) but also by ‘back-ward counting’ as virnšati 
(20) - (ūna) eka (one)’. To put it in other words, the units 
eka, dvi etc. are set in front of ‘dasa’ upto astādaša; but after 
that there is a sudden turn in the opposite direction and the 
units are placed before viršati, trrhšat etc. It must be 
remembered, however, that this type of backward counting is 
adopted—and that too optionally—in the case of the unit 
nava i.e. nine only. All other units are set only in front of or 
after daa. In some languages, backward counting isadopted 
even in the case of units other than ‘nine; cf Lat. duode- 
viginti (220-2). Later in the classical stage of Sanskrit, even the 
word ekais also dropped and the numbers are simplyindicated 
by using the word üna with the immediately following higher 
number; thus ūna-trirh$at is 29 and ūna-catvārirhšat i339. The 
use of ūna itself by convention means the subtraction of the 
number 1 and notany other number; the number ‘one’ (eka) 
need not be used. K. Menninger cites the examples of the 
Roman fractions in whose case the number 1 is taken as 
granted as being subtracted. Thus, in the fraction *11/ 12 de- 
unx (as- 12/12) from this ounce; 3/4 dodrans<de quadrans 

*(as) from it 1/4." He tries to explain this tendency in 
counting in the following words: 


"The next higher rank exerts its influence backward, dominating 
the numbers just preceding it, just as the full hour does the few 
minutes before it: “10 minutes to 6.00" rather than “5 hours 507 The 
rank levels, the old number-groupings, are numbers that early man 
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could visualise........ 88 is just one of many numbers that are hard too 
grasp, but 40 is clear and palpable and so is 2; hence "2 from 40" can 
be understood whereas 38 cannot*." It is also to be noted in this 
connection that the numbers to be subtracted in backwarding 
counting from the next higher rank are never more than 3; that is to 
say, we do not get an example of, say, 35 obtained as 40-5 (in words 
as pafica-iina-catvarimsSat). 


5.2. Counting by Multiplicaiton 


Besides the above two methods, there is yet another method of 
denoting thenumbers. We meetin the Vedicsarhhitāswith expressions 
like dvih parca, ‘two times five’ i.e. ‘ten’ (cf. RV 1.122.13: dvir yat 
pafica bibhrato yanty annā ) or trih sapta’, ‘three times seven’ i.e. 
‘twenty-one’ (=Cf. RV. 9.70.1: trirasmaisapta dhenavo duduhre), in 
which the number required is indicated as so many multiples of a 
certain base. Thus, in 1.122.13 above, ‘ten’ is represented as ‘the 
second multiple’ of the base five and in 9.70.1 “twenty-one” is 
represented as the third multiple of the base ‘seven’. This method 
may be called as ‘the method of counting by multiplication’. As we 
approach the Vedic sarhhitās later than the RV. we get frequent 
examples of counting by this method. But we find that this type of 
counting is not normally adhered to simply because of the fact that 
every number may or can not be expressed in terms of multiples of 
some other number. VS.17.2 quoted before is also an example of 
counting by multiplication of the previous number by ‘ten’ to hint 
thereby an infinite expansion of the series. 


5.3. Counting by Indices or Ranks 


VS.17.2. notes the following numbers: eka (1), daša (10), Sata 
(100) ..... upto parardha (vide the discussion on this rc before) Each 
successive number that is noted is ‘ten times’ higher than the 
previous one. Besides indicating existence of counting by 
multiplication, the rc also implies the knowledge on the part of the 
Vedic people of counting by indices or ranks. Because, all the 
numbers noted there can be represented in modern notation in 
terms of the different ranks or indices of the base ‘ten’. Actually this 
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method of counting by multiplication or ranks was in ancient India 
used to test the knowledge of mathematics in general and of numbers 
in particular. The concept of indexing or ranking gave a wonderful 
tool in the hands of Vedic mathematicians, which helped them to 
expand the number—system ad infinitum. 


Pāņinian Description 

We have said above that the numbers from 11 onwards are 
compound numbers mathematically since they contain twonumbers 
giving out the sense of one concept. Though, therefore, the number 
11, to cite an example, contains two digits symbolically, the concept 
which it signifies is a single concept of the number 11; it only implies 
that the number 11 succeeds the number 10. The same argument can 
be applied to all the compound numbers in mathematics. 


This phenomenon of the number-symbols compounding with 
one another to express a single number is similar to the one found 
in languages like Sanskrit which abound in compound word- 
structures. Thus, to take an example, rājan is one word; purusa is 
another word; both convey two different meanings, viz. ‘the king’ 
and ‘the servant’. Yet once they compound together in a word- 
structure like rája-puru$a, they convey a single concept, viz. ‘the 
servant of the king?'. A more appropriate example would be of what 
is called a bahuvrihi compound in Sanskrit, in which both the 
members in the compound totally lose their original meaning and 
give out a sense which is entirely different from the meanings of the 
members; cf. for example, a bahuvrihi compound pītāmbara which 
is a compound of the two words pita ('yellow') and ambara (= 
‘clothes, or waistcloth'). The meaning conveyed by the entire 
compound word-structure ‘pitambara’ (which is born out of the 
juxta-position of the two members), however, signifies a meaning 
*vigņu' (based on the dissolution, pitam ambaram yasya sah, ‘one, 
whose waist-cloth is yellow’) which is entirely different from the 
meanings of the two members. The mathematical phenomenon, 
therefore, ofa compound number, though consisting of two number- 
symbols, signifying a single number-concept is very closely similar to 
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the linguistic phenomenon of compound words in Sanskrit. Out of 
the four main types of compounds in Sanskrit. viz. avyayībhāra, 
dvandva, tat-purusa and bahuvrīhi, the possibility of the comparison 
with the mathematical phenomenon is provided by the compound 
bahuvrihi. 


But this is only a semantic or conceptual parallel between the 
mathematical and linguistic phenomenon of compound. Formally 
speaking, the formal parallel between the two phenomena is offered 
by the linguistic compound called dvanda in grammar when two 
words are juxta-posed and combined together by the meaning of 
'and' i.e ca; cf. the Pāņinian sūtra, cārthe dvandvah, 2.2.29. The 
dvandva-compound of the two words, Say, rāma and laksmaņa is 
formed in the sense of ‘ca’; thus, ramah ca laksmaņah ca and the 
form of the compound-structure thus formed is ramalaksmana. In 
the same way, as we have seen above, the compound numbers are 
formed by hypothising the meaning of ‘ca’ i.e. ‘and’, cf. the Vedic 
passages quoted above in which the Vedashave stated the conjunctive 
particle ‘ca’ which means ‘and’. And we have eka ca daša ca = 
ekāda$a (=11); dve ca virisati$ ca = dvāvimšati (=22); dvau ca dasa 
ca = dvādaša (=12); etc. In the case of numbers above hundred, the 
function of ca i.e. ‘and’ is performed by the word ‘uttara’, which 
literally means ‘later or above’, but signifies the general sense of 
‘and’ in the matter of numbers. It must be noted, however, that the 
Vedas never use the compound of numbers above hundred; if they 
wantto indicate the three-digit numbers (and also all numbers above 
three-digit rank), they split the numbers into one-digit or two-digit 
ranks and then use them; cf, for example, the passages quoted 
above, viz. RV. 1.117.18 (Satam ekarh ca and not ekottara-$atam), 
RV.1.164.48 (sākam trišatā sastih and not satyuttaratri$atam) etc. 
They thus seem to denote or count numbers by referring to the 
addition of different ranks and not by a compound, though all the 
numbers above da$a are compound numbers. The practice of 
denoting the numbers above 100 by a compound word-structure, 
and not by addition of different ranks, seems to be a post-Vedic 
phenomenon, developed in the classical stage. 
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Since the number-words above da$a are compound words, stem 
as a grammarian dealing with words, treats them as pum y 
rather as samāhara dvandva compounds and states the tai g s 
phonological/ morphelogical changes, if any, which g) e am 
during the process of compounding. Such gg ot rt 
morphological changes occur only in the case of the * ‘ 
number-words after ten, viz. the ekādaša (=11), dvādašā (=12), tray 
daša (=13) and astādaša (=18).In the case of all other ij pt 
such changes are visible in the Veda. To explain, the shan : 
eka + dasa (for 11) dvi + dafa (for 12), tri + dasa (for 13) an wai 
daša (=18) should have formally been respectively ekadaša, i a, 
tridafa and astadaSa. But the Vedas use them as ekādaša (wi vis 
4 of the final a of eka), dvādaša (the final i of dvi>ā), trayodaša ( ; 
number-word tri>trayas) and astādaša (the final a of e iin 
asta>a) Panini, therefore, as one having the greatest din ia s 
acceptability of the forms by the users or speakers of the Pun E 
had to explain these formations. According to oh inl i sr 
25) the long d is "instr. sing masc. (Ved-) nom. sing. femn.: the 
thus chosen was suggested by dvā-daša.” 


5.3.1. ekādašsa 


The final a of ekais substitued by ā (Paninian āt), the OPI TS 
of eka with daa being according to the pāņinian sütra, àn mahtal 
samānādhikaraņajātīvayoh, 6.3.46; cf. BD. āditiyogavibhāgād ie 
Thus ekaxdafa--ekádafa and not ekadaSa. The change of a to 1y 
also optionally explained by the nipātana ofthe pre ees in kr 
sūtra, prāg ekadaSabhyo’ cchandasi, 5.3.49; cf B.D. prāg 
ekadaSabhya iti nirdešād và. 


5.3.2. dvādaša and astādaša 


The final sound is replaced by à in the case of compounding yide 
and asta with daša in all the number words except for the number- 
word before $atam. The sūtra is: dvyastanah mit iati 
abahuvrīhyašityoh, 6.3.47. And we have dvi+daša = dvādaša "si ei 
dvidafa cf. B.D. dvyadhikah dašeti; asta +da$a=astādaša and no 
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asļadaša. The Pāņinian sūtra, 6.3.47 is to be supplemented by the 
vārttika, prāk Satad iti vaktavyam. This phenomenon of the 
lengthening ofa into à occursonlyin the case ofsamāhāra dvandva 
compounds and not in bahuvrihi compounds and also not when dvi 
is compounded with ašīti (-80). The form with ašīti is dvi-aSiti 
(=dyašīti=82) and not (dvā-ašīti) dvāšīti. The change to ā is optional 
for all the number-words from catvárifat onwards. The sūtra is; 
Catvārirhšat prabhrti sarvegām, 6.3.49. And we have the optional 


forms dvi-catvārirhsat and dvācatvārimšat (742), asta-catvārirhšat 
and asta-catvarimSat (748), etc.'? 


5.3.3. trayoda$a 


The word tri is replaced by the word trayas in the case of its 
samāhāra-dvandva compounds with number-words, excepting the 
number-word asiti (-80). The sūtra is, tres trayah, 6.3.48. We, 
therefore have tri+daša = trayas+daša = trayodaša (-13). We cannot, 
however, have (trita$īti=) trayo-aSiti; we have only (tri*a£iti-) tryašīti. 
The substitution of trayas for tri is, however, optional in the case of 
number-words from catvārirmšat (=40) onwards; and we have the 
forms, tricatvārimšat-trayašcatvārirhsat (248), tri-pañcāśat- 
trayahpancá$at (=53), tri-sasti or trayas-sasti (=63), tri-saptati or 
trayahsaptati (=73) and tri-navati or trayo-navati (=93). 


5.3.4. sodaša 


The word sodaSa signifies the number 16 and is derived from the 
„oOmpounding of sat with dasa. Panini has no sūtra in this respect. Yet 
the vārttikakāra Kātyāyana fills this gap and derives, by the vārttika 
faga utvam datrdašadhāsūttarapade stutvarh ca dhāsu ceti vácyam, 
in the following way: 


sag + daša 


= $a-u dafa (final s > u) 
=$0 + dasa (a tu» o) 
= $0 + dasa (d> d) 

= sodaša, 
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5.3.5. ekānna-virh$ati and others 


Itwe go through the list of number-words given in Table No. s 
find the following optional forms for the respective numbers. - C 
are ekānna-virhšati, and nava-daša (for 19) and nava-navall an 
ekānnašatam (for 99).The forms indicate the back-counting, pee 
from virhšati (=20) and Satam (=100) with ‘one’ subtracted om 
them. The other forms which indicate back-counting are: Kutas 
catvārirhšat (40-1=39) (TS. 7.2.11.23), ekanna-sasti (60-1=59) t ri 
79.11.93), and ekānna-ašīti (80-1779) (TS. 7.2.11.25). ag 
corresponding forms for these numbers, based on forward-coun à : 
are: nava-trirhfat (9430-39), nava-paficāšat 59) and navasap 
(970-79). 


Panini derives these structures in the following way Li esed 
grammatically. The sūtra is: ekadis’ caikasya cāduk, 6.3.76. m 
Pānini does is that the number-words visati (20), trisat A 
catvārirhšat (40), paficāšat (50), sasti (60), saptati (70), afiti (8 : 
navati (90) and fatam (100) are first compounded meum : 
particle na." The particle naf i.e. na does not lose its initial n, bu 
retains as itis. The negative compounds then would be na-virhšat, na- 


trirnfat etc. When the word eka precedes this compound, the final a 


gets an auginent viz. ad (Pāņinian aduk in which u and k-0). geni 
the situation, eka+navīrh$ati, the preceding or first member € ker 
the addition of ad assumes the form ekād (eka+ad=ekad by pora 
of ata into 4); and the structure of the whole compound is € j 
navirhšati, and by sarndhi of final d of ekād and the " d 
navirhsati into nn, we have the form ekannavirh$atl " als i 
ekānnatrirhšat etc. In the absence of the sarhdhi ofd and n,the per 
remain as ekad-navirnSati etc. Sowe have two froms d $ 
orwithoutsarndhiof d and n, as ekād-na-virhšati and ekan-na-vimsa 
etc. 


It should be noted, however, that the compounds 
ekānnavirhšati etc. are tatpurusa, or to be exact, trtīgā €: 
compounds. They are to be dissolved as ekena navirhšat! etc. wit a 
first member eka in the instr. case. The other corresponding "m 
for these numbers 19 etc. are however, samāhāra dvandva compounds 
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and not tatpurusa. Thus, nava-dasa (19) for example, is to be 
dissolved, and is actually explained in the Vedic texts, as nava ca daša 


ca. The trtīpā tatpurusa compounds are brought about by the 
Pāņinian sütra, 2.1.30. 


Besides the number-words ekād-navirhšati, ekanna-virhSati, nava- 
da$a (for 19) etc. there is another word for the same numbers. And 
itis ekonaviršati for 19 etc. This word is a compound of three words 
viz. eka, ina and virhšati, in which the word dna means ‘less than’; 
the whole compound means ‘a number which is less than twenty by 
one.’ This is also a back-counting. The compound is also a ¢rtiya 
tatpurusa and not a dvandva and is to be dissolved as: ekena ūnā = 
ekonā; we compound this word ekonā with vimSati etc. as: ekonā 
virhsatih = ekonavimšati. The first stage of the compound viz. ekonā 
is trtiya tatpurusa and the second stage is what is called as the 


karmadhāraya compound (cf. Panini, 1.2.42). And we have the 
word ekonavirh$ati for 19 etc. 


It also should be noted that the Vedas use only the first two 
options, viz. nava-da$a and ekānna-virhšati (19) and never the the 
third one, viz. ekonavimšati; the third word is found only in the 
Brachmanic and classical stage of Sanskrit. 


Linguistically speaking ekāt in ekānnavimšati /ekād-na-virhšati 
seems to be abl. sing of the number-word eka; actually according to 
Pāņinism sūtra, sarvādīni sarvanāmāni, 1.1.27, the number-word 
eka gets the sarvanāma-samjūā, and should get the termination 
smāt in the place of āt as the suffix for abl. sing. according to the 
Pāņinian sūtra, pasi-nyoh smātsminau, 7.1.15, and the grammatically 
correct from for abl. sing. of eka should be ekasmāt. Though Panini 
does not treat the form ekātin the above word ekān-na-virh$ati, as abl. 
sing., but treats itas one with the āgama ad, the form ekātis actually 
found to be ekasmát (as abl. sing. )in a passage from TS. which uses 
the form ekasmāt-na-panīcāša (i.e. one less from i,e. than fifty) for the 
number 49th, which is an ordinal number for ekasmāt-na-paūīcāšat 
i.e 49; cf. TS. 7.4.7 (sa etam ekasmānnapaficāšam apašyat). 
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We have also the use of dat. sing-of eka in fem. for the same 
number 49 in TS. 7.4.7; cf. TS.: tad yad ekasyai-napaūcāsad 
atiriktāļ... 


The use of cases other than the instr. sing. shows that the 
number-words coined by back-counting are not necessarily nhe 
trtiya ta-purusa compounds but can also be taken as aturthi 
tatpurusa or paficami tatpurusa compounds. The use of this or 
that case seems to depend upn how one wants to sigalty the 
numbcr—that is to say, whether by ‘one less from’ (abl.), or ‘less 
by one for’ (dat.) or ‘a number less by one’ (instr.). 


6 


The Ordinal Numbers 


Besides the cardinal numbers noted above, the Vedic sarhhitās also 
use what are called as ‘the ordinal numbers’, which are used to 
define the things’ position in the series. Thus, the cardinal 
number ‘eka’ means ‘one’; and the ordinal number ‘prathama’ 
means the ‘the first’, which defines ‘the first position of a thing’ in 
the given series. We have the following ordinal numbers recorded 
in the RV. Sarhhitā. For the sake of brevity and avoiding 
unnecessary long list of the numbers, the ordinal numbers from 
only the RV. sarhhitā are noted down. They are as follows: 


6.1. prathama (first), dvitiya (2nd), trtiya (3rd), saptatha (7th), 
astama (8th), navama (9th), dašama (10th), ekādaša (11th), 
dvādasā (12th), parīcadaša (15th), saf-trim$a (36th) and tri- 
paficāša (53rd). There are many other ordinal numbers 
corresponding to their cardinal parts mentioned in different 
samhitās which are not listed here. There is a difference between 
the cardinal number-words and the ordinal number-words. While 
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the cardinal number-words from eka to nava in Sanskrit are not 
derived words, but are underived or siddha prātipadikas, their 
ordinals are derived or sādhita prātipadikas. Except the 
uņādisūtrakāra, no grammarian including Panini takes the 
cardinal number-words as sādhita or derived. The ordinal 
number-words, however, are all derived ones from the point of 
view of all Sanskrit grammarians. Hence, it would be really 
interesting to know the derivational process by which the ordinal 
number-words are derived by Panini. The Paninian technical term 
for ordinality is pūraņa (cf. the sūtras, 2.2.11, 5.3.48 etc.), though, 
it must be remembered that the idea of ordinality is nowhere 
deüned by Pāņini, nor again the word pūraņa is anywhere 
defined—obviously because the idea is from outside the field of 
grammar. 


6.2. prathama (first) 


The ordinal number-word for the cardinal eka (-one) is 
prathama. The ordinal word prathama shows apparently no 
phonetic relation with its cardinal eka. Pāņini has nowhere 
derived the ordinal word. Hence we have no other source to 
inquire about its derivation except in historical linguistics. 


The derivaion of prathama from the point of view of historical 
linguistics goes back to the root *per (from which, incidentally, 
the Sanskrit word pürana for ordinality can be said to have been 
derived). This root * per gives out in Greek, Latin and other 
Western European languages words like pro or protos (meaning 
‘before’, ‘in front of or ‘first’ in Gk), pri for prae (in old Latin, 
meaning 'before' as also prior (‘one in front), primus 
(‘foremost, first") from which the French premier and Italian 
primo can be derived; so also English premier and prime; 
through change of p»f, we have the Germanic forms as the Gothic 
frumists, Anglo-Saxon fornest Eng. fore-sbfirst, and German 
fūrst' (= lord, prince). The same IE. base *per on the other hand 
gives out in the Vedic Indo-Aryan words like pürva (with the suffix 
- va) on the one hand and pra-tha-ma (with the suffix —iama (<* 
trhmo, IE) on the other. We have again the words puras ‘before’ 
and purastāt 'in front of. The -ta- in the suffix - tama changes to - 
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tha-after the manner of the change to -tha- in caturtha, saptatha 
etc. Sk. prathama = Av. fra-tema = old Pers. fra-tama.'* 


Though Pāņini does not derive the word, the uņādisūtrakāra 
derives it from Vprath, ‘to spread’ (cf. Pāņinian dhp. pratha 
prakhyāne, 10 conj. UP); cf. the uņādisūtra, prather amac, 4952, ; 
thus 

prath + the suffix amac 

= prath + ama (c = O according to 1.3.3 & 8) 

= prathama 


The suffix viz.—ama is applid to car to give the form carama, 
meaning "the last, the final"; thus car + ama = carama; cf. the 
uņādi-sūtra, cares' ca, 4953. 


6.3. dvitiya (second) 


The Pāņinian sütra, dves tiyah, 5.2.54, lays down the suffix tiya 
for the word dvi and we have, 

dvi + tiya 

- dvitiya. 


The sense of the suffix is obviously pürana. Linguistically, Sk. 
dvitiya = Av. bitya = Gāthic dabitya = O pers. düvitiya. According to 
K. Brugmann, the Gk. Deuteros (= the one removed from 


something i.e. second) is to be connected with Sk. düra and not 
with dvi.'* 


6.4. trtiya (third) 


Pāņini derives it from the base tri with the suffix tiya; in this 
process, the r of tri undergoes samprasárana. Thus, tri + tiya = tr + 
tiya = trtiya. The Pāņinian sütra is: treh sarhprasāraņam ca, 5.2.55. 


Itis to be read with 5.2.54 quoted above. Linguistically. Sk. trtiya 
= Gr. tertos = Lat. tertius = Pruss. tirtis = Umbrian tertim; the ter = 
*tr. The Indo-Germanic languages thus have to for the sk. ti in - 
tiya. The Av. and O Pers. show a difference. Av. = thritya and O 
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Pers. = 'sritya, the Sk. tiya losing its middle i and changing to tya. 
Gothic has thridja and OHG. dritto. 


6.5. caturtha (fourth) 


Panini in the sūtra, sat-katipayacaturám thuk, 5.2.51, states the 
āgama thuk i.e. th (u and k both = O) before applying the pürana- 
suffix dar i.e. a (both d and ¢ = O) to the word catur ‘four’. The 
suffix dat is given in the sūtra, tasya pürane dat, 5.948. The 
process, therefore, to arrive at the ordinal number-word caturtha 
is: 

catur +a (i.e. dat) 

= catur + th +a 

= caturtha. 


Since the āgama thuk is a kit i.e. with kas the itsound, (and 
hence zero), it is to be applied at the end of the word catur 
according to the sütra, ādyantau fakitau, 1.1.46. 


The word catur also gives out two more ordinal words, viz. 
turiya and turya. Pāņini has not given any process to arrive at these 
two derivatives, which short-coming is covered up by Katyayana, 
the vārttikakāra. The varttika caturas’ cha-yatau ādyaksaralopas” 
ca is on the Pāņinian sütra quoted above. The vārttika applies the 
two suffixes cha (which is substituated by iya according to the 
sütra, 7.1.2) and yat in the sense of pürana and while applying 
these two suffixes, the base catur loses its initial sounds c and a. 
Thus the process is: 


(1) catur * cha 
= catur + iya (ch > iya; cf. 7.1.2) 
= tur + iya (ca =O) 
- turiya, and 


(2) catur * yat 
= catur + ya (t =O) 
- tur * ya (ca - Oj 
- turya. 
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We have thus three ordinal forms, viz. caturtha, turiya and turya 
for the cardinal number-word catvar > catur. It is to be noted that 
while applying the suffix cha and yat given by the vārttika, the 
Pāņinian suffix dat i.e. a is not to be applied. 


Linguistically, though all the Sk. forms, viz. caturtha, turīya and 
turya are equal to Av. tūirya only the Sk. words turiya or turya seem 
to be the real parallels for the Av. tüirya. Gk. has tetartos and Latin 
shows quartus. The Sk. āgama tha (Pāņinian tha or that for 
which see below) is continued in English even to-day; and we have 
in English the ordinal words as ‘fourth, fifth, sixth’ etc. 


6.6. paficama (fifth), saptama (seventh), astama (eighth), 
navama (ninth) and dašama (tenth): 


The number-words parīca, sapta, asta, nava and da$a are all 
designated in Sanskrit grammar by Pāņini as ending in -n; and we 
have their basic prátipadika—form as pafican, saptan, asfan (cf. 
the sūtra, astanah ā vibhaktau, 7.2.84, which states the gen. sing. 
of astan as astanah and not astasya) navan and dasan. Not only 
this, but even the words like eksdaša, dvadaSa etc. which have daša 
as the second member are also taken to be n-ending. The 
Pāņinian sütra, nāntād asarhkhyāder mat, 5.2.49 states the suffix 
mat i.e. ma (with (= O) in the sense of pūraņa i.e. ordinality for 
the number-words. The suffix ma (i.e. maf) replaces the general 
suffix a (i.e. dat) and we get, 

pafīcan + dat 

= parca +a 

= pafica + ma (a replaced by ma) 


= paricama. 


If, however the n-ending number-words occur as the first 
member of a compound, the suffix ma is not to be applied; cf. the 
word pañca-daśa (= fifteen) etc. in which the word pafica occurs 
as the first member. The word parīca, therefore, is not eligible to 
get the suffix -ma and to give out the ordinal number - form as 
paricama-dasa . or even parica-dasama. 
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The same is the case with the other n-ending number-word and 
we have their ordinals as saptama, astama, navama and dafama, if 
they occur independently and not in any compound word- 
structure as the first member. 


Of all the ordinal number-forms, the form for sapta exhibits an 
optional variety, viz. sapfatha; the other word which shows a tha- 
ending ordinal number - structure is gastha (sixth) from sas (six). 
The optional form saptatha is available only in the Vedic language 
and theretoo only in the RV. (cf. 1.164.15; 10.99.2 and as fem. 
saptathi, 7.36.6). Pāņini notes this phenomenon and frames a 
general rule which is practically applicable only in the case of the 
words gas and sapta, but which theoretically can also be applied in 
the case of all other n-ending number-words. The rule is: tha ca 
chandasi, 5.2.50. The rule, which succeeds the rule 5.2.49 (laying 
down the substitution of ma for a), states that the suffix -tha (i.e. 
that, with (= O) along with the suffiix -ma also takes the place of a 
(i.e. daf) in the Veda. And we have, 

sapta + that 

= sapta + tha 


= saptatha 


So also with other number-words and we have the optional 
ordinals as = paficama/paficatha, saptama/saptatha, astama/ 
astatha, navama/navatha and daSama/daSatha. 


K. Brugmann' notes this phenomenon. Av. has both the 
suffixes for parca; cf. SK. paficama = Av. pantanhem and Sk. 
paficatha = Av. puxtha. cf. Gothic fimfta; OHG. fimfto. All these 
can be traced back to Indo-Germanic* *prhg-to or * perhq-to. 


Indo-Germanic *septmo or septmmo gives out SK. saptama, 
Av. haptama, Pruss septma. 


Indo-Germanic *oktom-o = SK. astama = Av. aStema. 


Indo-Germanic * neunn-o or * neunto = Sk. navama, = Av. 
naoma - O Pers. navama, 
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Indo-Germanic *dekrhto or *dekm mo = Sk. dašama = Av. 
dasema, = Lat. decimus. 


The tha, as the optional suffix for the ordinal follows the other 
branch of Anglo-Saxon and is visible even today in English as in 
‘fifth, sixth’ etc. 


6.7. sastha (sixth) 


The Pāņinian sūtras 5.2.48 and 5.2.51 lay down the suffixes a 
(ie. daf) and th (i.e. thuk) respectively for the word sas to give out 
its ordinal. And we have, sas + a = sas+th+a = sastha. 


The Indo-Germanic *suektos = SK. sastha= Av. XStva = Lat. 
sextus = OHG sehsto/sehto = Goth. saihsta.'” 


6.8. Ordinals for number-words above daša 


The Pāņinian general rule for forming the ordinal number- 
words above daša is : tasya pürane dat, 5.2.48, which states the 
suffix daf i.e. a to all the number-words. Thus from the number- 
word ekādaša, we have, 


ekāda$a + dat 

= ekādaša + a (d and(=0) 

= ekādaša + a (final a = O according to 6.4.143) 
= = ekādaša, 'eleventh'. 


Since the word ekādaša thus formed ends in -a, it is declined 
like any other a-ending nominal bases and not like the nending 
nominal bases. Thus, the nom. plu. of ekádafan, the nending 
cardinal, will be ekadaSa (cf. RV. 1.139.11) while that of ekādaša, 
the a-ending ordinal, will be ekādašāsah (RV. 8.57.2; 9.92.4 etc.). 
The suffix dat being for general application, the succeeding 
number-words from ekādaša onwards will be formed in the same 
way; so we have dvādaša (= twelveth), trayodaša (= thirteenth), 
virhša (-twentieth), ekavirhša (=twenty-first), trirhša (=thirtieth) 
etc. 
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The cardinals vimšati, trirhšat, catvārirhsat, parica%i, $asti, 
saptati, aSiti, navati and Satam, however, exhibit their ordinals 
with the suffix —tama also. Panini, therefore, in a special rule, 
5.2.56 (virh$atyādibhyas tamad anyatarasyam ), presmibes the 
suffix tamat i.e. tama (t= O) for all the words noted abow. And we 
have the optional ordinals for these words as : virhsatitam, (20th), 
trirhšattama (30th), catvarirhsattama (40th), paficasatama (50th), 
sastitama (60th), saptatitama (70th), aSititama (80th), mvatitama 
(90th) and Satatama (100th). 


The rule also implies that not only the words noted inthe sūtra 
are only eligible to get optionally the suffix tama, but also all other 
words ending in these words also get optionally the suffi. Thus, to 
cite an example, the word eka-catvarimsat (41) mding in 
catvārirhšat will show two forms for its ordinal as ekacatvārrhša 
(with the suffix dat i.e. a) and eka-catvārirh$at-tama (with the 
suffix -tama = 41st). 


Though the suffix daf i.e. a is of general application, it is not 
seen to have been applied to ending cardinals fom sasti 
onwards, viz. sasti, saptati, aSiti, and navati. These words get only 
the suffix -tama. The i -ending word virhSati, however, exhibits its 
ordinal with both the suffixes, as virnša (TS. 7.3.9.2) as well as 
virhšatitama. So also trirhšat, catvārirhšat and panīcāsat. 


` Linguistically also, all these numbers from ekādaša tonavadaša, 
which end in -dafa “have both -da$a-s and -dašama-; cp. Lat. - 
decimu-s, 11th Skr. ekadaSa-s, Avesta aevan-dasa, aeva-dasa; aeva- 
dasa may be like dva-dasa = Skr. dvā-dasa.” SK. dvā-daša = Av. 
dvadasa, = Gk. dodekatos, or duo-dekatos = Lat duo-decm. 


SK. trayo-daša = Av. thridasa. SK. caturdaša = Av. cithrudasa. 
SK. parica-daa = Av. panca-dasa and panca-dasya; SK. godaša = 
Av. XSva$-dasa. SK. navadaša = Av. navadasa. The Lat. parallels are 
: ündecimus (11th), duodecimus (12th), tertiusdecims (13th), 
quartusdecimus (14th) etc. Rarely we find decimus tertius (for 
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13th) and octávos decimus (for 18th) in the place of their 
regulars, viz. tertius decimus and duo-de-vicesimus. In Avesta, 
only thrisata for Sk. trirhša (30th) is found; others are not 
available; for details, cf. K. Brugmann, ibid. II p. 35 ff. 


7 


Numbers without Number-words 


Besides the actual number-words which, in the form of some 
symbols, are and can be used in mathematics, not only Sanskrit, 
but every language contains certain words which contain—and 
donot convey directly—the number-concept; they convey a 
number-sense, but are not explicity number-words. To cite an 
example from English, the word *many' is not a number-word 
signifying any number; yet it has a numerical signification. The 
same phenomenon can be observed even in the Vedic language. 
The following are some of the examples of words which are not 
numbers but which implicily convey a number-sense. 


7.1. anya 


The word anya primarily means ‘the other’, which meaning 
implies the presence of something which is ‘the one or the first.’ It, 
therefore, has come to signify a sense of ‘the second’; cf RV. 
1.164.20: tayor anyah pippalam svādv atti, ana$nann anyo 
abhicākašīti, in which anya is contrasted with ‘one’ and hence 
means 'the other than the one'. d 


Perhaps the derivation of the word may go back to the IE base 
*oi-no-s which means ‘one’ in Lat. ‘oi-nos, oeno-s, ünus'; old Irish 
‘oe-n’; German ‘ein’ and Eng. ‘one’. K. Brugmann connects it with 
SK. ena 'he'.* 


— 
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Along with anya go the words anyatara (comparative) and 
anyatama (superlative) also. 


7.2. Ubha or ubhaya 


The word means ‘two things together in pair’ i.e. ‘both’, While 
the word ubha is declined in all the three genders only in the dual 
number, the word ubhaya is declined in all the three numbersand 
genders. Examine, for example, the dual number of ubh in 
passages like: RV. 1.22.2: ubhā devā divispršā, (masc. but onlydu.) 
RV. 1.33.9: ubhe dyāvāprthivī (fem - du) and janmani ubhe (neu. 
du.), RV. 1.141.11. We have the following forms of the word inthe 
RV: ubhau (nom-acc. masc. du.), ubhe (nom. acc. fem. neut.du), 
ubhābhyām (instr., dat., abl. du., masc, fem. neut.) and ubhyoh 
(gen. loc. du., masc. fem. neut.). 


The word ubhaya is found in all numbers and genders. The 
occurrences are ubhayam (masc. neut sing.), ubayasya (masc. 
gen. sing.), ubhayā (masc. du. nom. acc.), ubhayāh (masc. fem. 
plu.), ubhayān (acc. masc. plu.), ubhayāni (nom. acc. plu., neut.), 
ubhayāya (masc. dat. sing.), ubhayāsah (masc. fem. nom. plu.) 
ubhaye (neut. fem. nom. du.), ubhayebhih (masc. instr, plu.), 
ubhayesam (masc. gen. plu.), ubhayesu (masc. loc. plu.) and 
ubhayoh (masc. fem. neut. gen. loc. du.). cf. BD. on the sitra, 
7.1.52; ubhašabdah dvitvavišigta-vācakah; ata eva nitum 
dvivacanāntaļ. As regards the dual of ubhaya, there are two 
opinions. Aceording to Kaiyyata, the word ubhaya is not to be 
necessarily used in dual; according to Haradatta, dual is necesary; 
cf. BD.: ubhaya-Sabdasya dvivacanam nāstīti Kaiyyatah; asiti 
Haradattah. The word is derived by Panini from ubha withthe 
suffix ayac i.e. aya (< tayap); cf. the sūtra, ubhād udātto nitam, 
5.2.44. It means ‘a group of two.’ 


7.3. etàvat 


It meang ‘this much’; but in numerical context, it signifies ‘so 
many’; cf. TS. 3.5.2: astau vasavah; ekādaša rudrāh; dvādašāditjāh 
etāvanto vai devāh; Pāņini derives the word from etat with the 
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suffix -vat i.e. vatup. Thus, etat + vatup = etat + vat = eta + vat = 
etāvat; cf. the sütra, yat-tad-etebhyah parimāņe vatup, 5.2.39. 


7.4. puru 


The word means *many' and is used in the same sense in all the 
occurrences in the sarhhitās. The context in which it occurs are 
many, which can be classified into two main types - numerical and 
non-numerical In numerical context, it signifies the numerical 
content; cf. RV. 1.62.10: purü sahasrá janayo na patnih; RV. 
1.81.7: sar grbhaya purü Sata, etc. 


7.5. kiyat 


It means 'how many' or 'how much'. In numerical context, it 
has a numerical significance; cf. RV. 10.27.12: kiyatī yosā „.vadhūr 
bhavati, Pāņini derives the words from kim with the suffix gha (> 
iya, according to 7.1.2) which replaces the va of the suffix vat i.e. 
vatup according to the sütra, kimidarh-bhyām vo ghah, 5.2.40. 
Thus, kim+vat = kim+ghat = kim + iyat = k + iyat = kiyat. 


7.6. kati 


It means, in question, 'how many', which implies counting and 
calculating. This sense is visible in the Rgvedic passage 10.88.18: 
katy agnayah kati sūryāsah, katy usasah katy u svid āpah; cf RV. 
9.72.1; 10.86.20. The formation kati—dhà ' in how many ways’ 
occurs in the RV. 1.31.2; 10.90.11. The answers to the questions 
containing the question-word kati are always given or expected in 
numbers. Panini derives kati from kim with the suffix -ati (Panini 
dati); thus kim + dati = kim + ati = k + ati = kati, cf. the sūtra, 
5.2.41: kimah sarhkhyā-parimāņe dati ca. The word samkha- 
parimāņa is notable. 


7.7. bahu 


The word means primarily ‘many, plenty of etc. cf. RV. 2.18.3: 
bahavo hi viprah. The word implies a plural number—an 
indefinite plural. Panini also uses the word bahu in the sūtra, 
bahusu bahuvacanam, 1.4.21 to signify the sense of ‘many’ i.e. 
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'three or more than three'—an idefinite plural. So also are the 
words bhüyas and bhüyistha which signify the comparative and 
supelative degrees of bahu. 


Besides the above words which are not themselves number- 
words but which signify number-sense, there are others like ádi, 
ādya (both meaning ‘the initial’), agra (= in the fore or first 
position"), anta and antima (= 'the last, the final") etc. which imply 
numerical context. These words, however, donot occur in the 
numerical context in any of the Vedic sarhhitās taken here for 
study. Hence they are dropped from discussion. They occur 
frequently in the numerical sense in the classical literature. But 
one thing is certain. Though these words convey a numerical 
meaning, they do not seem primarily from the numerical context; 
they seem to have been taken over from non-numerical context. 
The words yāvat, tāvat and iyat also seem to convey the numerical 
signification, but it is very faintly deciphered in the single 
occurrence. For yāvat—tāvat (= ‘as many .... so many’, cf. TS. 
6.1.47: yāvatah eva pašūn abhi dikseta tavantah asya pašavah 
syuh; for iyat, cf. VS. 10.25 (which is repeated in TS, MS; kāņva 
and KS): iyad asi, āyur asi where Uvata remarks; iyad iti 
parimánavacano yam Sabdah and paraphrases as Satamānam asi: 
Mahidhara says: etāvatparimāņam Sataraktikaparimitam asi ... 
tasmād āyuh Satabdaparimitam mayi dhehi; yatas tvam 
Satamánam asi tatah Satābdaparimitam āyur mayi ropaya. 


7.8. carama 


Derived from Ycar with the suffix -ama, the ordinal formation 
carama signifies ‘the last, the final’. Though not a number-word 
itself, it does signify a numerical meaning in numerical contexts; 
cf. RV. 7.59.3, 8.20.14, 61.15 etc. It is thus semantically equivalent 
of antima from anta, 'the end'. 


7.9. asarhkhyāta 


Derived from a+sam+ Vkhya+the past pass participial suffix; the 
word means 'that which are not counted' i.e. innumerable. The 
word occurs in VS. 16.54: asarhkhyátà sahasrāņi ye rudrā adhi 
bhūmyām. 
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Numbers as Adjectives 


The number-words, being primarily words i.e. nominal bases; as 
such they are all inflected in Sanskrit which is highly inflected. As 
such, just as the termination or pratyaya (referring to the closing 
morphemes) is a compulsoy category in Sanskrit; so also, the 
gender and number of a word are also compulsory, so far as the 
inflection of the word is concerned.” A declined Sanskrit nominal 
base therefore, indicates the number, the pratyaya (meaning the 
case) and the gender simultaneously. Thus, when the declined 
nominal base indrah or marutvān is uttered, it is immediately 
known that the nominal base in question is singular in number, a 
masculine and is used in first i.e. nominative case. What is still 
more interesting to note is that out of these three categories again, 
it is the category of prataya i.e. termination, referring to the 
closing morphemes?, which helps us to know the gender and 
number of the nominal base. Thus, in indrah or indrasya, the 
termination -ah (i.e su in Pāņini's grammar; cf. the sütra 4.1.2) or 
sya indicates that the form is masc. nom. sing. or masc. gen. sing. 
respectively. 


The number-words, being nominal bases, are also, therefore 
declined in Sanskrit. We will now, therefore, discuss the number, 
gender and the cases of the number-words as found in the Vedas. 
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8.1. Number (vacana ) of the number-words 


There are three number (vacana) in Sanskrit, viz. singular, dual 
and plural, defined by Panini in the sūtras, dvyekayor 
dvivacanaikavacane, 1.4.22. and bahusu bahuvacanam, 1.4.21 
(for plural or more specifically, indefinite plural). The Paninian 
terms for singular, dual and plural are respectively ekavacana, 
dvivacana and bahuracana. Since Sanskrit is an inflected 
language, the vacana is indicated by or resides in the termination 
applied to the nominal base. The different terminations of the 
seven or eight vibhaktis (cases) are listed and stated by Panini in 
the sūtra, 4.1.2. 


8.1.1. eka 


Since the number-word eka signifies singularity, one would 
expect it to be declined in only one way i.e. with the suffix of only 
the singular number in all the seven/eight vibhaktis, as is the case 
with the number-word for ‘one’ in IE languages like Greek and 
Latin.* But it is not so in Sanskrit. Even the number-word ‘eka’ 
denoting ‘singularity’ is declined in plural number in as old times 
as those of the Vedas themselves; cf. RV. 8.29.10: arcanta eke mahi 
sāma manvata; 10,114.10: bhūmyā antam pary eke caranti; and 
10.154.1: soma ekebhyah pavate, ghrtam eka upásate, in which 
the form eke is nom. plu. and ekebhyah is dat. abl. plu. It should, 
however, at the same time be remembered that in the above as well 
as all other contexts in which the word eka is declined in the plu, 
the word undergoes a little semantic change from simply *one', to 
‘some,’ used elliptically, some such word as ‘some people, beasts, 
things' etc., to be supplied. 


8.1.2. dvi 


The number-word ‘dvi’, however, as one would obviously 
expect, takes always the dual number and is declined as such. So 
we have only the three forms for the seven vibhaktis of the word as 
dvau (nom, acc.), dvābhyām (instr., dat., abl.) and dvayoh (gen., 
loc.). This is in line with its declension in the other IE. languages 
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like Greek and Latin. Only the word eka strikes a difference in 
Sanskrit Thus we have dvau (nom. acc.), RV. 1.131.3 etc; 
dvābhyām (instr., dat., abl.), RV. 2.18.4 etc and dvyoh (gen., loc.) 
RV. 1.83.3 etc. 


8.1.3. tri and other higher numbers 


All the other successive number words are always declined in 
plural This plural is indefinite plural; it means anything 3 or 
beyond 3. We thus have trayah, catvārah, etc. They donot get the 
singular suffix. So we have, to cite the example of masc. tri, trayah 
(nom.), RV. 1.34.2 etc, trin (acc.) RV. 1.126.5 etc; tribhih (instr.), 
RV. 1.34.11 etc.) tribhyah (dat. abl.), RV. 10.185.1 etc. and trisu 
(loc.) RV. 1.15.4 etc. The same is the case with all other successive 
numbers. 


We thus see that so far as the number of the first three number- 
words, viz. eka, dvi, and tri is concerned, the word eka is declined 
in both, i.e. singular and plural number, and never in dual; the 
word dvi is never used in singular and plural and the word tri, 
always in plural, is never used in singular and dual. All other 
number-words following tri follow the same rule as the word tri 
does, except the number-words fatam, sahasram and all those in 
their multiples of hundred, which are declined in all the three 
numbers viz. singular, dual and plural.” 


8.2. The gender of the number-words: 


If we examine the texts of the Vedas, we find that the number- 
words eka, dvi, tri and catur exhibit declension in all the three 
genders. Thus, in RV. 1.7.9 (ya eka$ cargaņīnām ) eka is used in 
masc. qualifying indrah; in R.V. 3.7.2 (pary ekā carati vartanim 
gauh), as the form ekā, qualifying gauh, 'indicates, it is used in 
feminine; in RV. 1.93.4. (avindatam jyotir ekam bahubhyah ), eka, 
qualifying the neut. jyotih, is used in neuter gender. 


So also the number-word dvi, which is used in all the three 
genders, viz masc. dvau (cf. RV. 1.35.6 etc.), fem. dve (cf. RV. 
1.95.1) and neut. dve (cf. RV. 1.155.5 etc.). The number-words tri 


f 
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and catur are also used in all the three genders; cf. for masc. tri, 
RV. 1.34.2 etc.; for fem. RV. 1.13.9 etc.; for neut. RY. 1.22.18 etc. 
For masc. catur, cf RV. 1.122.15 etc.; for fem., cf. RV. 1.62.6 etc. 
for neut. cf. RV. 1.164.45 etc. It is not only the context and the 
declensional terminations, but even the prātipadika- forms 
themselves that lead us to know the gender of th above words. The 
word eka, an aending masc, changes to eka, ā-ending fem. The 
Pāņinian sūtra which changes eka to ekā is ajādyatastāp, 4.1.4. 
The word dvi does not undergo any change in its pratipadika - 
form in fem. (the pratipadikais defined by Panini in 1.2.45). It is 
only the declension and the context which gives us a clue to know 
the gender of dvi. The word tri, masc. changes to tir in fem; the 
Pāņinian sūtra is tri-caturoh striyam tisrcatasr, 7.299. lt is this 
same sūtra which also changes catur, masc., to catas in fem. 


The number-words from pafican to dasan do not change at all 
either in their prātipadika stage or even in the declensional stage 
so far as the gender is concerned. Thus, for example, we can have 
paca in the same prātipadika - form and declined structure as 
pafica in masc. (as in pafica janāh, RV. 1.89.10), fen. (as in imah 
pafica pradisah, RV. 9,86.29) and also neut. (as in paca padani, 
RV. 10.13.3). The same is the case with all other number-words 
upto daša. In the case of the words ekádafa onwards also, their 
gender is to be conjectured on the basis of the gender of the 
substantive they qualify. Though they are declined, they are in a 
sense genderless. Thus, in ekādaša devah (RV. 1.99.11), the 
words ekādaša is to taken as masc; in ekādaša 
brāhmaņāccharmsyah (KS. 21.12), it is fem and in ekādaša 
aksarani, (MS. 1.11.10), it is neuter.; cf also the word Sata which 
has no gender by itself, the gender depending on its substantive; 
thus in fatarm kumbhān (RV. 1.116.7), it is masc; in lam Saradah 
(RV. 2.27.10) itis fem. and in ŝata rádhah (RV. 4.31) itis neut. 
But when the word šatam is declined, it is always dedined in neut., 
plu. irrespective of the gender of its substantive; cf Sata..purah, 
fem. (RV. 1.53.8); Sata vasu neut )RV. 1.81.7); harajah Sata, masc. 
(RV. 6.47.18); or even if there is no substantive, asin Sata enam 
anonavuh, RV. 1.80.9. The same is the case with the word 
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sahasram. However, when satam itself acts as a substantive, being 
qualified by number - words, the number is either sing. or plu.; but 
the gender is neut; cf. trini fatà (RV. 5.29.8 etc.) or daša Sata (RV. 
5.62.1 etc); so also with the word sahasra. 


Some of the number-words after ekādaša, however, have fixed 
genders in absolute sense, i.e. in their prátipadika-form. This is 
the case with number-words ending in -ti, such as virhšati, sasti, 
saptati, ašīti and navati. They are always in feminine gender, when 
they are to be qualified by an adjective or pronoun; thus we have 
dve virhšatih, TS. 5.3.3, and not dvau virhšatiķ. These words in -ti 
are always declined in singular number as in dve virhSatih quoted 
above. Actually, if virnšati is to be qualified by dve, it should be dve 
virhSati; but it is not so. The same is the case with other number- 
words ending in -ti. It may be due to the fact that almost all 
Sanskrit prátipadikas ending in -ti are feminine in gender. This 
fact is noted in the liņgānušāsana-sūtra, virnSatyadir ā navateh, 
No. 13. The sūtra, however, includes even the words trirhšat, 
catvārirhšat and paficaSat also, although they do not end in -ti. 
The Vedic evidence in the case of the feminine genders of the 
non-iending three words, however, does not substantiate the 
observation of the sütra. 


What is more interesting to note is that unlike in the case of the 
first four number-words, viz. eka, dvi, tri and catur which follow 
the substantive in number, gender and case other number-words 
do not necessarily take over the case and gender of their 
substantive; cf. for example, the following situations in which the 
number-words pafica and sapta do not follow the case of their 
substantive; pafica krstinàm (for paficanam krstinam, RV. 1.7.9), 
sapta dhamabhih (for saptabhih dhamabhih, RV. 1.22.16) etc. The 
declensional terminations are in these cases, to put it in Paninian 
terminology, zeroed. Panini in the sūtra, 7.1.39, zeroes these 
terminations. Yet, this sūatra is applicable in the case of the zero of 
the terminations of only the substantives and not the adjectives, as 
in parame vyoman, in the place of parame vyomani; and that too 
at pāda-end; cf. BD’s commentary and examples thereon. The 
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rule 7.1.39, therefore, seems inapplicable in our presentate. Even 
Kātyāyana does not add any vārttika to that effect to impove on 
Panini. Does it mean that the phenomenon went unnoticed by 
both Panini and Kātyāyana? The problem requires to be studied 
independently. Yet the fact remains that the number-words from 
pafica onwards donot show the declensional terminations applied 
to them in all the cases: Does it mean that the number-vords from 
pafica onwards as adjectives were never declined? 


8.3. Number-words as adjectives: 


But we do get examples in the Vedic texts themselves in which 
the number-words as adjectives were declined in the sane case as 
their substantives; cf; for example, janesu pañcasu, RV. 3.37.9, 
9.65.23; saptabhih putraih, RV. 10.72.9;; astau kakubhah, RV. 
1.35.8 etc. This only shows that the phenomenon of application of 
declensional terminations to the number-words as adjectives 
occurring together with substantives was voluntary and the rule to 
that effect was optional. 


This is about the cardinal number-words. The ordinal number- 
words like prathama, dvitiya .... paficama ... daŝama etc. 
however, follow without any exceptions the number, gender and 
the case of their substantives. This shows that both the tvotypes of 
number-words are full-fledged adjectives? They, therefore, 
followed the rule laid down for the adjectives viz. 

yal lingam yad vacanam, 

ya ca vibhaktir viSesyasya 

tal lingam tad vacanam, 

saiva vibhaktir višesaņasyāpi 


Yet, they are not adjective in the sense of a quality. The pafica in 
pafica janah is a peculiar adjective quite different from Sveta 
(‘white) in Svetah asvah (‘white horse’). The numberwords are 
not guņa-višesaņas (‘qualitative qualifiers’) they are, therefore, 
cuim as sarhkhya-vifesanas (‘numerical qualifiers’) by Pinini and 
others. 


9 


Types of Mathematical 
Operations 


According to ancient Indian mathematicians, there are eight main 
types of operations to be performed in mathematics, which are 
basic. Bhāskarācārya calls them as parikarmāstaka, or afa 
parikarmāņi. The technical term for ‘mathematical operation’ 
used by the ancient Indian mathematicians is either parikarma or 
parikriya or simply kriyā; cf. Bhāskarācārya in his mathematical 
text Lilavati: atha bhinnaparikarmāstakam (p. 22 etc.). The eight 
main mathematical operations which are enumerated in Lilāvatī** 
are: sarhkalita (addition or summation), vyavakalita (subtraction), 
guņana (multiplication) also called hanana, bhāgahāra 
(division), krti or krti-karaņa (squaring), krti-müla - karaņa 
(finding out the sguare-root), ghana-karana (finding out the 
cube) and ghana-müla - karana (finding out the cube-root). 
Besides the above terms which are strictly technical, other words 
are also used for indicating the different operations; for example, 
Vyuj or its derivative yoga with or without sam signifies ‘addition’; 
the word dhana is also used to signify the same. The root 
sam + Vyu and its derivative sam+ yuta also expresses summation. 
Even the root Vi with anu and its derivative anu-ita or even the 
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root i with the upasargas sam + à and its derivative wmtatita 
(= sameta) is also used. In the case of subtraction, besides 
vyavakalana, words, like vitVyu or vi + Vyuj and their érivatives 
viyuta or viyoga are also used; moreover, a word likema also 
indicates subtraction. For multiplication, Ygun the Vhanad their 
derivatives are used. For division, bhaj with or without zm or vi 
and its derivaties like vibhāga, sambhaga are also used; ‘division’ is 
also indicated by the root Vhr or its derivatives like harior hāra. 
These are the technical terms for the four main matemaical 
operations used in the classical stage of Sanskrit. The ternsfor the 
remaining four mathematical operations have remainedbe same 
throughout, right from the times of Aryabhata I to those of 
Keshava of the fifteenth century AD. 


We have no glossary of technical terms for the matiematical 
operations given in the Vedas. We have, therefore, no alernative 
but to conjecture the technical terms on the basis of the texts in 
which some mathematical operation is seen to have ben given, 
suggested or implied. The following words for the different 
mathematical operations have been found out as suggesi of the 
said operations after a very close and exhaustive stui of the 
context and situations given in the Vedas. 


10 


Signs and Sign-Words for 
Mathematical Operations 


If we go through any modern book on mathematics, we find that 
every page of it is sprinkled with different signs indicating different 
mathematical operations, such as + (plus) used to indicate the 
addition, -(minus) for substraction, X for multiplication, + for 
divisonn, Vfor roots etc. Although the Veda is not a book 
exclusively dealing with mathematics it does contain, as we have 
seen and soon we will see, certain mathematical data. As such, it 
does require the help of some signs which will show the different 
mathematical operations between the different numbers, or in 
general, mathematical entities. 


But the difficulty in the case of Vedic literature in searching for 
the mathematical operational signs is that it was never a written 
document in old times and secondly that even if it is printed now, 
it is not printed in the mathematical form. Again, the whole 
literature, as the Sanskrit tradition goes, has been handed down 
orally through the many generations. Moreover, whatever 
mathematical data it contains, the whole data are presented not in 
the form of signs but in the form of words. 
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To explain, let us take the example of a mathematical 
expression like 2+3=5. The expression, in the form in which it is 
given here, contains all signs or syrnbols and no words the words 
are spoken by the speakers. In the form of words, the expression 
can be expressed in any one of the following ways: “(i) Two plus 
three is equal to five; or (ii) Two added to three become five, or 
(iii) three added to two give out five" etc. The Vedas have come 
down to us in exactly the latter way, i.e. in the form of language. 
In such circumstances, the search for finding out the signs 
indicating the different mathematical operations becomes very 
difficult and is hindered at every step. It must be remembered 
here, therefore, that whatever we will find in the Vedasvill be only 
in the form of words or language which are spoken ani not in the 
form of signs which are written. 


10.1. Sign-words for addition: 


Let us start at the initial stage from the mathematica operation 
of addition which is the most primary and the simplestone for any 
primitive society to perform. The examples of addition from the 
RV. are as follows: 


10.1.1 use of ‘ca’ for addition 


RV. 1.32.14: nava ca navatim ca states the addition of nine and 
ninety and gives us the number nava-navati i.e. ninetyaine. While 
stating this, the text uses the word ‘ca’ meaning ‘and’ a the sign- 
word. In modern signs , the statement of addition can be wntten 
down as 9+90=99. 


It should be noted that Panini also uses the word ‘ca’ for 
compounding two words in dvandva-samāsa in the sūtra, cārthe 
dvandvah, 2.2.29.” 


10.1.2: use of sākam for addition 


RV. 4.26.3: nava sākam navatih, gives the addition of nava (9) 
and navati (90) which is nava-navati (99). There are many passages 
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in the RV. itself in which the use of sikam, which means ‘together’ 
( from Vsac ‘to be together’) gives the process of ‘addition’. 


If we examine the occurrences of the word sākam in the RV., we 
find that the word is used both with the number-words as well as 
with non-number words (like āgni, sürya, raSmi etc). In the case 
of the use with the non-number words, it means just ‘together 
with, or jointly’ etc. In the case of the use of the word sākam with 
the number-words, we find it is used in three cases, viz. the nom., 
acc., and the instr. In all these cases, the word signifies the 
meaning of ‘addition’ if the number of the number-words is more 
than one; cf. RV. 1.164.48, 4.26.3.7; 6.27.6, 7.99.5, 8.86.14 etc. It is 
also to be noted that the use of the acc. exceeds that of the nom. 
and instr. when the meaning of ‘addition’ is signified. Use of the 
instr. is found in greater proportion in the case of the non-number 
words and means only ‘together with, jointly’ etc. This same 
meaning is given out when the nom. case is used. 


It is also to be noted that though the words sākam and saha are 
rough semantic equivalents of each other, the word saha is never 
used in the contexts of number-words. We, therefore, cannot 
equate saha with the meaning: of ‘addition, summation’ etc. In 
other words, while sākam seems to be a mathematical technical 
term, saha does not seem to be so intended. In the three Rgvedic 
passages, viz. 5.62.1 (daša Sata saha tasthuh tad ekam), 5.62.6 
(sahasrasthinam bibhrtah saha dvau), and 8.29.8 (vibhir dva 
caratah ekayā saha ) where saha occurs together with the number- 
word it means ‘together with’ and is used adverbially going with 
the verbs and does not mean the operation of ‘addition’. 


There is yet another important point which deserves to be 
noted. When the Vedic poets intend addition of the numbers, they 
invariably use the sign-words ca and/or sākam. But when these 
two sign-words are not used, what is intended is not the summation 
but multiplication. Thus, the phrase nvatim sahasrā, RV. 10.98.11 
intends not the sum of 90 and 1000 (ie. 1090) but the 
multiplication of 90 and 1000 i.e. 90,000; so also, whereas the 
passages nava ca navatim ca and nava sākam navatih intend the 
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summation, the passage navānām navatinam, RV. 1.191.13 implies 
not the summation but the multiplication i.e. nine times ninety or 
ninety times nine i.e. 9x90=810. The absence of ca or sākam in the 
latter example is specially noteworthy. The words nava and navati 
in RV. 1.191.13 are in regular relation of adjective and substantive 
(visesana-visesya-bhāva ), while they are both substantives in RV. 
1.32.14 and 4.26.3; cf. also other examples like sahasrāni Sata (RV. 
4.30.15.)= thousand hundred or hundred thousand (i.e. 1000,00 
or 100,000). As the words ca and sākam are absent, the phrase 
does not mean 1000+100=1100. 


It will be clear from the above discussion that both the words ca 
and sākam can stand and be taken as verbal equivalents of the 
mathematical sign * (plus) used in modern times. 


10.2. Sign-words for subtraction 


Actually the knowledge of the mathematical operation of 
addition authomatically gives rise to the knowledge of the 
operation of subtraction, since the two processes—or, rather 
thought—processes—are opposite to each other. Also, conversely, 
the knowledge of subtraction-operation implies the knowledge of 
addition. 


Yet, surpprisingly enough although all the Vedic texts exhibit 
full knowledge of the concept of subtraction, none of them 
explicitly mentions the process by any word. Unlike in the process 
of addition noted above, no sign-word is available in the case of the 
process of subtraction. The knowledge of the process of 
subtraction can only be inferred by the actual examles; cf. for 
example the Rgvedic passage, 1.164.45: catvári vāk parimitā 
padāni ..... guhā trini nihitā nengayanti turiyarh vāco manusyā 
vadanti, in which the remainder 'one' is accounted for when 
‘three’ is subtracted from ‘four’; for other examples, see below the 
section on ‘the examples of subtraction’, In all these examples, 
however, we donot find any sign-word for subtraction used by the 
Vedic poets. 
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We may however, cite one, single solitary example of a Vedic 
passage in which we find the word avama (= 'lower, less than") 
seems to have been used as the sign-word for 'subtraction'. The 
passage in question is from AV. and is as follows: AV. 19.47.4 and 5: 
... Catvāra$ catvārirh$ac trayastrirhšac ca vājini (4 cd) dvau ca te 
virhšatiS ca te ratryekadaSavamah (5 ab) 


The context is: the author is counting the nights; ae starts from 
the number 99 (navatir nava, AV. 19.47.3) and by deducing or 
subtracting the number ekādaša (= 11) from 99 states the 
remaining number as 88. He again subtracts 11 from the 
remainders and comes upto 22 (dvauca vimSatis ca). He then 
remarks that the number 22 is arrived at as it is "less by elevan" 
than the number 33 mentioned is 4 cd quoted above. The pāda 5 
b may also mean that the number 11 is "less by eleven" than the 
number 22. 


Yet, though the interpretation of the word avama as the sign- 
word for "subtraction" seems to be ambiguious and not very much 
convincing, it does certainly seem to have the function of a sign- 
word for "subtraction". 


In line with the word avama, we can also mention words like 
avara, uttara, uttama, adhara, adhama which in numerical 
contexts can mean 'greater than or less than', and can be used as 
'sign-words' in substraction. Yet, primarily these words seem to be 
from special context and not a numerical one. 


The other word which can be cited as used as a sign for 
subtraction and which is found in later literature also is üna, from 
Van (cf Pāņinian dhātupātha, ina parihāņe). It is used in RV. 
1.53.3, repeated in AV. 10.21.3 (mā tvāvato jarituh kāmam 
ünayih); the form ūnayih, irregular for ünayah, (Aor. 2nd sing.) 
is explained by Pāņini in the sütra, 3.1.51 and is a hapax. in the 
Vedic literature. It is this root Vūn which gives out the derivative 
üna meaning 'less than': The glaring examples of the word üna 
signifying subtraction are the number-words eka-ūna-vimšati (for 
19), eka-üna-trmáat (29) etc; TS. 7.4.7, as we have noted earlier (cf. 
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Table No. 1) notes the number-words for 49 as ekasmān-na- 
paficaSat (= fifty minus one); or even ekasyai-na-paficasat (= one 
remaining for fifty); cf. TS. 7.4.7: sa ekasmannapafcasam apašyat 
et ūnātiriktā và età rātrayah/ūnās tad yad ekasyai na pancifat/ 
The same word occurs in AV. also (cf. AV. 10.8.44 etc) in the same 
sense. AV. 10.8.15 clearly gives the meaning of subtraction as : 
dūre ünena hiyate. The word pūrņa ‘full’ is contrased in 
meaning with the word üna 'less, deficient' etc. Later dassical 
Sanskrit uses the word ny-üna (ni * üna) for the Vedic üna more 
frequently. The word is used in Veda in a general, non-numerical 
context always, but may signify the meaning 'subtracted from, less 
than' in numerical context. The general, non-numerical meaning 
in the Veda is ‘deficient, lacking, incomplete’ etc. cf. VS. 3.17: 
tanva ūnam. KS. 21.3 and 23.1 equates the word with the word 
chidra, ‘hole, hollow’ etc; cf. KS. 4.3 yadevásya ūnam yac 
chidram, and KS. 23.1: ünam iva và etac chidram iva .--- 
tadevāpūrayatiachidratvāja; cf. in this connection the compounds 
acchidroti (= acchidra+ūti) found in the RV. 1.453 and 
acchidra-üdhni found in RV. 10.133.7 in which acchidra = ‘not 
less, not deficient’ i.e. ‘full’. 


10.3. Sign-words for multiplication—multiplicatives 


Just as every language contains words for cardinal and ordinal 
numbers, it also contains words which are used as multiplicatives 
or which indicate the meaning of ‘repetitions so many times’. We 
have, for example, the English words for number 1 as ‘one’ 
(cardinal), ‘first’ (ordinal); we have also the word ‘once’, which 
signifies the meaning of ‘repetition one time’; so also we have 
‘two’, ‘second’ and ‘twice’ and so on. The Vedic language also 
contains and notes many words which signify the sense of 
‘repetition so many times’ and suggest the knowledge of the 
mathematical process of multiplication. All such multiplicative 
words are derived from their cardinal bases which are easily 
decipherable. 
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10.3.1. Multiplicative from ‘eka’ 


The general multiplicative is formed with the word vrt which is 
derived from Yr, ‘to cover’; we have, therefore, the words like eka- 
vrt, dvi-vrt, tri-vrt etc. This word is available only for the first three 
number-words viz. eka, dvi and tri; for eka-vrt meaning 'one 
covering i.e. time, ‘once’, cf. TS. 5.2.3: ekavrd eva svargam lokam 
eti which is repeated in KS. 20, KKS. 31.3. The Vedic word vrt 
from vr is substituted by vāra (also from vp) in later classical 
Sanskrit; the use of -vāra with number-words in the sense of 'so 
many times’ is not available in the Vedic Sarhhitàs. 


Besides the word -vrt, the krdanta - form of kr with zero-suffix, 
viz. - krtis also used with the word eka only. And we have the form 
'eka-krt' meaning 'once'. But one peculiar change to be noted is 
that while compounding with the word - krt, the word eka 
undergoes a substitution by sa- and we have the form for the 
meaning ‘once’ as sa-krt. The Sanskrit sa goes back to the IE. base 
*sem.** We have, therefore, two forms of the multiplicative from 
eka, viz. ekavrt and sakrt. 


Pāņīni explains the form sakrt by the substitution of eka by the 
entire morpheme sakrt; cf. the sütra, ekasya sakrt ca , 5.4.19. The 
word sakrt which seems older than eka-vrt is available right from 
the times of the oldest sarhhità, viz. RV; cf. RV. 1.105.18 etc. 
Though Pāņini states total substitution for eka by sakrt, from 
linguistic point of view, the real substitution seems to be of eka by 
sa, because we get a form like sa-vrt meaning 'once' in KS. 17.7 
(savrdasi savrte tvà); also we get forms like dvi-vrt and tri-vrt for 
which see below. 


10.3.2. Multiplicative from dvi 


As in the case of the word eka, so in the case of the word dvi 
also, the word vrt is appended to dvi and we have the form dvi-vrt 
meaning 'two times ie. twice'; cf. KS. 11.4: dvivrt hiranyam 
daksiņā. 
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Besides the form dvi-vrt, we find another device used by the 
Vedas suggesting multiplication by the number ‘two’. The suffix 
attached with dvi in this case is s i.e. visarga. Panini notes this 
phenomenon in the sūtra, dvi-tri-caturbhyah suc, 5.4.18. The 
Pāņīnian suffix is suc with u and c both zeroed. And we have, 


dvitsuc 

= dvits (u, c = 0) 
= dvis 

= dvih 


We have thus two mulplicative forms from the number-word dvi 
as dvi-vrt and dvih. Out of this, the form dvisrtoccurs only once in 
the whole of the Vedic literature comprising the nine sarhhitās 
taken here for study, and that too, in a later samhita like KAthaka 
noted above. The multiplicative dvih, however, occurs right from 
the times of the oldest sarhhitā of the RV. to the end of the period 
of classical literature. The corresponding forms for dvih in other 
languages are: Av. bis, GK. bis, Lat. bis, Old Lat. duis, Goth. tvis; 
cf. K. Brugmann , ibid. 111.48; for occurrences, cf. RV. 1.53.9 etc. 


10.3.3. Multiplicative from tri 


Like the previous two number-words vi. eka and dvi, the 
number-word tri also exhibits two forms of multiplicative, viz. one 
with vrtas tri-yrtand the other with the suffix -sas tris = trih. Both 
the forms are obtained right from the oldest Vedic stage. For tri- 
wt, cf RV. 1.140. etc; for trib, cf, RV. 1.20.7 etc. The 
corresponding forms in other IE languages are: Av. thris, GK. tris, 
Lat ter, "perhaps for ters", O. Ir. tress; cf. K Brugmann, ibid. III. 
48. 


10.3.4. Multiplicative from catur 


' So far as the word catur is concemed, it exhibits its 
multiplicative formation only in -s and not in -wt even in the case 
of -s also, the formation is available only in later sarhhitās; cf. TS. 
9.6.7. (catur upa hvayate) MS. 1.6.8; KS. 6.4and KKS. 4.3. It is to 
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be noted that the multiplicative formation from catur with any of 
the two suffixes, viz. -vrt and -s is not available in the four main 
sarhhitās, viz. RV; VS. SV and AV. For corresponding forms, cf. Av. 
cathru$, Lat. quater; cf. K. Brugmann , ibid. III. 48 f. 


10.3.5: Multiplicatives from number-words after catur 


In the case of the number-words after catur, however, neither 
the word -vrt nor the suffix -s seems to have been used. What is 
done is that a suffix -krtvahis attached to the number-word and the 
multiplicative is formed. The suffix krtvah is also not found in the 
earlier four main samhitās, viz. RV., VS, SV and AV; It is found 
only in the later sarhhitās. The number-words to which the 
multiplicative suffix krtvah is applied are tri, panca, sa(, asta, nava, 
da$a, ekādaša and dvādaša; cf. for tri, MS. 4.1.10: trih krtvah; for 
panca, TS. 6.1.1, 9.5: paficakrtvah; for sat, TS. 6.5.3: satkrtvah 
āha; for asta, TS. 6.4.5: astau krtvah; for nava, MS. 4.5.7. nava 
krtvah; for dasa, MS. 3.7.4: daa krtvah; for ekādaša, TS 6.4.5: 
ekādaša krtvah and for dvādaša, also TS. 6.4.5. In the case of the 
word tri, a peculiar fact notable is that both the suffixes viz. -s as 
well as -krtrah, are applied to it to give out a kind of double 
multiplicative as trih krtvah (see above). The other thing to be 
noted in the case of the suffix -krtvah is that as its independent 
accent shows, it seems to be an independent word and not a suffix; 
thus in parīca krtvah (TS. 6.1.1), both the words parīca and krtvah 
are accented. Does it show that the morpheme -krtvah was 
originally an independent word and not a suffix as is thought by 
grammarians like Pāņīni and others? 


Pāņini describes the multiplicative forms from number-words by 
applying the suffix -krtvah ie. krtvasuc (in Pāņinian technical 
reconstruction). The sūtra is: sarhkhyayah kriyabhyavrtti-ganane 
krtvasuc, 5.4.17. The word kriyābhyāvrttigaņana in the sūtra, for 
expressing the significance of ‘repetitions of actions’ 
(kriyabhyavrtti) is notable; the word abhyāvrtti from Vvrt ‘to 
repeat’ is a synonym of the suffix/word vrt noted above. 


t 
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For other equivalents, cf. Lith. uenarh karat (‘once’), du kartu 
(‘twice’), tris kartus (‘three times’) etc. K. Brugmann (ibid. III. 
49) connects the present krtvas (from kr) with -krt (also from kr) 
in sakrt (= once) discussed above. 


Besides the suffix krtvas and s, Pāņini also notes a suffix -dhā 
from only the word bahu in the sense of kriyābhyāvrttigaņana; it is 
applied optionally. The sūtra is: vibhāgā bahor dha 
aviprakrşțakāle, 5.4.20. Yet, the suffix -dhi is seen to be used in a 
distributive sense (ie. ‘in so many ways) and not in a 
multiplicative sense in all the Vedic samhitas; cf. the famous 
Rgvedic passage. ekarh sad viprā bahudhā vadanti , 1.164.41. 


In classical Sanskrit, the sense of a multiplicative is signified, 
besides all the above three suffixes viz. vt, s and krtvas, by yet 
another derivative from Yvr ‘to cover’; the derivative is -vāra as in 
eka-vāra, dvi-vāra, tri-vāra etc. Yet this suffix seems to be absent in 
the Veda. Perhaps, can we say that the suffix is found in forms like 
bhūri-vāra and puru-vára available in the RV. also? puru and bhüri 
can be taken as number-significands without number-words. But 
the difficulty is that these two forms are adjectives and not adverbs. 


10.4. Sign-Words for division-distributives 


Just as the operation of addition automatically gives rise to or 
implies the operation of subtraction, the operation of 
multiplication leads automatically to its reverse operation of 
division. In multiplication, two numbers or multiplicands give out 
a single number; in division the result, subjected to a process, gives 
out its multiplicands. 


In the Vedic literature, we do not get a definite, concrete 
evidence, in the context of numbers, for the knowledge of the 
process of division on the part of the Vedic poets. Yet, that they 
knew the division of an entity, which may not be necessarily 
numbers, into equal parts is corroborated by certain but few 
passages. The words used for indicating the division are: Vbhaj 
with or without the upasargas vi and sam and its derivatives like 
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bhāga etc; Vvic ‘to separate’; Vsan and Yvan, both meaning ‘to 
divide or distribute equally’. (cf. Pāņinian dhātupātha: vana sana 
sambhaktau; note the upasarga sam, which means ‘equal’, in 
Panini’s wording). In RV. 1.81.6 (vi bhajā bhūri te vasu ), Indra is 
invoked to divide or distribute’ his abundant wealth; In RV. 1.27.5 
(à no bhaja parameņu... madhyamesu...) Agni is requested to 
‘distribute or divide’ his vasu (= riches) into three parts parama, 
madhyama and the last called antama, which the last, he is 
invoked to give to the devotees (cf 1.27.5c: Siks4 vasvo 
antamasya); cf. also RV. 1.162.4 (trir manusah pary a$vam nayanti 
atrā pūsņo prathamo bhāgaņ ....) in which the first part out of 
three parts is said to belong to Püsan. Incidentally this implies the 
knowledge of the fractions also. For the use of vic, cf RV - 
10.124.5. Division or distribution of vasu, rāyah, dhanam etc. is a 
favourite idea of the Vedic poets; cf. RV. 1. 123.4 etc. In RV. 3.30.7 
(abhaktam bhajate) the deity is said to divide that which is 
undivided. 


So also are the roots van, san used to signify 'division or 
distribution'. 


There is yet a difference discernible in the usage of the root 
bhaj on the one hand and the roots san and van on the other. 
While the root bhaj is used in the sense of a regular 'division into 
parts’, the roots san, van signify only the ‘distribution’; cf. the oft- 
quoted phrase vājam or svah san/van in the RV. Also, whereas the 
root bhaj is used in the division of concrete things like havis, vasu 
etc. the roots van, san are used in the context of division of 
abstract things like vāja (strength), svah (light) etc; cf the 
compounds vāja-sāh, svar-sah in the RV. 


As for Vhr or its derivatives like hara which are used to signify 
‘division, divisor or denominator’ in later mathematical texts of 
Aryabhata, Bháskarácárya and others, the Rgvedic passage, 
10.162.4 (yas ta ürü viharaty antarā dampati Saye ) may serve as 
the oldest evidence for the later usage of Vhr in the above- 
mentioned sense. 
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10.4.1. The distributives in -dhā 


Though we do not get for certain any verb or word which would 
signify the division, we do get distributive adverbials which signify 
the division of something, esp. numbers into ‘so many equal parts.’ 
These adverbials are formed by applying the suffix -dha or -dhātu 
to the number-words. And we have the forms in -dhā from 
number-words, like ekadhā (= in one way, fold etc.) dvidhā (= in 
two egual ways), tridhā or tridhātu (=in three egual ways) etc. 


The Pāņinian sūtra which prescribes the suffix -dhā is: 
sarhkhyāyāh vidhārthe dha, 5.3.42. BD's commentary on this 
makes it very clear that the suffix is applied only in the sense of 
“the way any action is done"; cf. BD: kriyiprakárárthe, which 
emphasizes the “ways in which the action is done”. The next sūtra, 
adhikaranavicare ca, 5.3.43 makes it very clear. BD's remark on 
this sūtra is also very bold; cf. BD: dravyasya samkhantarapadane, 
sathkhyayah dha syāt, which means “dha is used to get other 
sarhkhyās i.e. numbers from a single sarhkhyā.” His example, 
ekam rāšim pafīcadhā kuru (= make into fivefold one single 
number) has an implied sense of "equality" in division. Kāšikā also 
makes the things very clear when it declares that dhá is applied 
only in the context of any action with reference to a number; cf. 
Kasika on 5.3.42: vidhā prakārah; sa ca sarvakriyavisaya eva 
grhyate. The word vicāra in the sütra, 5.3.43 means, according to 
kāšika, ‘obtaining another number’ from a single number; cf. 
vicárah sarhkhyantarapadanam-ekasya anekikaranam, anekasya 
và ekikaranam. The wording ekasya anekikaranam (- making or 
transforming one entity i.e. number into many) expresses in clear 
terms the process of division; cf. the examples, ekam rāšim 
paficadha kuru, astadhā kuru. Kātyāyana in his vārttika on the 
Pāņinian sūtra explains vidhārthe as: dhāvidhānam 
dhātvarthaprthagbhāve; Patafijali explains vidhārtha as: kas tarhi 
dhātvarthaprthagbhāvah? kārakāņām pravrttivisesah kriyā; kriya- 
prakāre ayam bhavati; vidhayuktagatās ca prakāre bhavanti . All 
this means that although the meaning of 'equalit may not be 
present, the sense of ‘division’ is implied. 
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And we have the formations in -dhā from number-words as 
ekadhā, dvidhā, tridhā etc., meaning ‘division of an entity into 
one, two, three etc. ways’. In numerical context, it amounts to 
mathematical operation of division. 


In the case of the number-words eka, dvi and tri, however, we 
have also the optional forms as aikadhyam, dvedhā and dvaidham, 
and tredhā and traidham. For aikadhyam, the sūtra is: ekād dho 
dhyamufi anyatarasyām , 5.3.44; for dvaidha and traidha, the sūtra 
is: dvi-tryo$ ca dhamufi, 5.3.45. Thus, in the case of eka, the suffix 
is dhya, while in the case dvi and tri, the suffix is dha. Both the 
suffixes ending in ñ bring about the vrddhi of the initial vowel of 
the respective words to which they are attached; cf. for vrddhi the 
Pāņinian sūtra, taddhitesv acām adeh , 7.2.117. The process is: 

ekardhyamun 

= aikardhyamuf 

= aika*dhya 

= aikadhya, which in meaning is the same as ekadhā. 

For dvaidha and traidha, the process is: 
dvi/tritdhamuūi 

= dvai/traitdhamuf 

= dvai/trai*dha 

= dvaidha/traidha, which in meaning are the same as dvidhā/ 

tridhā. 

For the other optional forms dvedhā and tredhā from dvi and 
tri respectively, the Paninian sūtra is: edhāc ca, 5.3.46, which lays 
down the substitute edhā for dhā; and we have, 

dvi/tri*dhà 

dvi/tritedhā 

dv/tr+edhā (the final i= O by teh, 6.4. 155) 
dvedhā/tredhā 


un 


i] 
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So we have the distributive adverbials from eka, dvi, tri as 
ekadhā/aikadhyam, dvidhā/dvedhā/dvaidha ani tridha/ 
tredhā/traidha respectively. For all other numbervords from 
aid onwards, dhā is the only suffix; they have no otter optional 
orms. And we have caturdhā, patīcadhā etc. From the number- 
word gas (= 6), we have the form sodhà; the process is: 


sastdhā 

$a-u*dhà (s>u according to Vārttika quoted abov, 
so+dhā (atu = O) 

sotdhā (dh>dh) 

= sodhā. 


The following distributive adverbial forms are attested in the 
nine Vedic texts taken here for study: ekadha, dvidti/dvaidha, 
— caturdhā, paficadha, sodhā, saptadhi, astadhā, 
navad ā, daSadha and dvadaSadha. And correspondingly we have 
the division of a number by all the above numbers. From non- 
— 2 having numerical significance, we hae bahudhā 

rom u) and purudhā (from puru), both ing ' 
plenty of etc. 10.4.2. ies ibit p 


Distributives in -Sas 


Besides the distributives in -dhā, we have also another type of 
distributive found in Sanskrit. These are formed by applying the 
suffix -&ah, Paninian šas; and we have the forms as eks etc. But 


they are not available in any of the nine Vedic samtitās; cf. K. 
Brugmann, ibid. III. 51. j 


11 


The Concept of Sets or Groups 


Besides the words which lead us to assume the knowledge of the 
four main mathematical operations on the part of the Vedic 
people, we have also a set of words which shows that they had also 
the knowledge of counting by sets or grouping things together. 
This type of counting by groups is found in some primitive tribes 
all over the world, like the Weddas of Srilanka or Bakairi of South 
America.” What is involved in this technique is that the many 
things which seem apparently difficult and boring to count are 
piled up in groups or sets of twos, threes etc; and then the sets are 
counted and the final number of sets is multiplied by the number 
of things contained in each set. Thus, *two fours' or 'four twos' 
give us the number 'eight (8). The Vedic people also resorted to 
this method many times. Actually, the number-words for all the 
infinite numbers can also be taken as ‘the words for groups’; to 
illustrate, *da$a (10)” can be taken as the number-word for a group 
of ‘ten’ things. The device of multiplication, as can be seen from 
the previous discussion on the topic, is a very good example of 
indicating the working of this method. When, for example, the 
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Vedic poets use the phrase ‘dvih dasa’ for 20, what they do is 
actually that they repeat the group of dasa ‘two times’ (dvih). 


But besides this, the Vedic people had separate words for the 
different groups. These words are formed by applying the suffix - 
taya to the number-words excepting the word eka for ‘one’. The 
Pāņinian sūtra which lays down the suffix -taya is sankhyayah 
avayave tayap, 5.2.42. Thus we have dvi+taya = dvitaya, ‘a group 
which has two members'; trittaya = tritaya, ‘a group which has 
three members’ etc. The word avayava means 'factor, multiple” etc. 


In the case of the words dvi and tri, we have also the optional 
forms as dvaya and traya, the suffix in this case being ‘aya’ 
(Pāņīnian -ayac) according to the Pāņinian sūtra, dvitribhyam 
tayasyāyaj và, 5.2.43. The same suffix viz. -ayac is available in the 
case of the word ubha also, giving out the form ubhaya, cf. ubhad 
udātto nityam, 5.2.44. Macdonell calls these words as 
‘multiplicative adjectives’ Since they are adjectives, they are 
declinable and follow the gender, number and case of their 
substantives. For catur, we have the form catur-vayam in RV. only 
(1.110.3; 4.36.4). The other form with -taya as catugaya is not 
attested in the Vedic samhitas, except in Saunaka (10.2.3) and 
Paippalada (16.59,3); it is, however, found in classical Sanskrit. 
We, therefore, get only the forms dvaya, traya and dašataya from 


dvi, tri and daša respectively; we have also the form ubhaya in the 
Veda from ubha. 


Besides the suffix -taya/-aya, we have in the Veda also the suffix - 
ka in the sense of ‘group’. The only forms that are available with 
this suffix are ekaka (from eka) dvaka (and not dvika, from dvi) 
and trika (from tri); cf RV. 10.59.9. 


Besides the words which signify the specification of the number 
of members in a group or set, we have also the general words for 
groups. They are gana and vrata. The gana is of the devas 
(RV.4.35.3: devanam gana) and of the Maruts (RV. 1.14.3 etc; 
mārutam ganam), of Indra, RV. 1.23.8 and of Brhaspati, AV. 
20.88.3. The word vrata meaning ‘set’ seems to have been used 
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exclusively in the context of inanimate things such as the dices; cf. 
RV. 10.34.8: tripaūīcāšah kridati vrata esam. Note the word tri- 
paficasa, an ordinal from tri-paficaSat (53) which specifies the 
number in the vrata of the dices. Presently we have 52 cards in the 
set of the playing cards. 


Incidentally, it is also very interesting to note that the technique 
of many ganas forming into a bigger gana, called mahāgaņa was 
also utilised by the Vedic people, perhaps for the sake of the 
convenience of counting and calculation. AV. 19.22.16 
(ganebhyah svāhā) and 19.22.17 (mahāgaņebhyah svāhā) offer 
oblations respectively to ganas and those deities ‘who form the 
mahāgaņa'. Indra seems to be the first and the oldest deity of 
mahāgaņa. RV.1.23.8 (indrajyestah marudgaņāh ) mentions Indra 
as the head or the eldest of the ganas (the plu. is notable) of 
Maruts. Thus Indra together with his own gana and the gana of the 
Maruts forms a mahāgaņa. It is this idea of ganas classified under 
the banner of a mahāgaņa which might have been at the root of 
the concept of the god ganapati, ‘the ruler of the ganas.’ It is to be 
noted that the word mahāgaņa occurs only once here in the AV. 
Also, corrsponding to the idea of mahāgaņa, as contrasted with 
simple gana, we have later the idea of maha-ganapati , ‘the 
great(est) ruler of the ganas’ (maha to be connected semantically 
with pati) or ‘the ruler of the great(est) ganas’ (maha, 
grammatically to be connected with gana). 


Besides the words vrata and gana, we have one more word, viz. 
rāši (lit. heap) which connotes the idea of ‘collection, collectivity, 
group or set, But the word is nowhere used in the mathematical 
contexts. It is used in the non-numerical context of vasu (cf. RV. 
6.55.3: vasoh raSih), go (cf. RV. 9.87.9: gonām rāših) and 
independently in plu. as rāšayah, referring perhaps to the heap of 
the crops or harvest in AV. 6.142.3: aksitah santu rāšayah. 


It is to be noted that the word rāši signifies the ‘collection of 
numbers’ or ‘mathematical expression’ like x*+2xy+y* in later 
mathematical literature. In astronomy, the word means ‘the signs 
of the zodiac’ like Aries, Taurus etc., which are nothing but the 
‘collection of constellations’. 


12 


Examples of Addition 


We have seen before that concept of the mathematical operation 
of addition is fully known to the Vedas and exemplified it with 
examples of addition of small numbers below one hundred. 
Besides this, we have also seen that the whole number-system, 
which displays the principle of what modern mathematics calls as 
'the arithmetic progression' is based on the simple principle of 
addition. Besides all this, we have also the evidence of the working 
of addition-technique in the case of the higher numbers i.e. those 
above one hundred. The present section collects all such examples 
in which the operation of addition in the case of higher numbers 
seems to be working. 


An important point to be noted in this connection is that we do 
not know for certain that the Vedic people were using any 
number-symbols comparable to the modern ones like 1, 2, 3 etc. 
But that what they were using were number-words is certain. We 
also do not find any written symbols for the mathematical 
operations comparable to modern ones like *(plus), - (minus), 
x (multiplication), + (division) and a host of others. Instead, as we 
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have seen before, they were using words themselves for the 
mathematical symbols, like ca, sākam etc. 


12.1. The best examples are provided by the number-words 
from ekādaša onwards. We can deciphr the principle of addition 
underlying it. 


12.2.2. Represented as a combination of 1+1 


RV.1.95.1 describes Agni as having two forms one is hari and 
the other is Sukra; thus 2 is analysd as 1+l; d dve virūpe 
caratah...harir anyasyam bhavati...Sukro anyasyām; cf. also RV. 
1.164.20: dvā suparņā sayujā akhāyā...tayor anyah pipplam svādv 
atti anašnann anyo abhicākašīti. It should be noted that the word 
anya, which in later literature as well as in other contexts from the 
Veda itself, signifies the meaning of ‘the other enemy’ etc. means 
in the present contexts, which is interpreted mathematically here, 
‘one (of the two)’. Thus it also suggests the idea of parts, viz. ‘out 
of.’ 


RV. 3.30.11 (eko dve vasumati samici indra à paprau prthivim 
uta dyām) indicates only one entity viz. Indra by the word ekah 
and two entities viz. prthivi and dyaus by the word dve; two 
(entities), therefore, are equal to one(prthivi)+one (dyaus). RV. 
4.30.19 indicates the number two as a summation of 141; cf anu 
dvà..nayah andham $ronam ca; thus dvd = one (andha)*one 
($rona); cf. also RV. 9.86.42 (dvā jana yātayan..narā ca Sarhsam 
daivyarh ca) in which Soma is said to travel through two worlds, 
which are pinned down as narāšarhša jana and daiva jana. 


It can be very well seen from the above passages that sign-word 
for indicating the operation of addition which is used is the word 
ca which means ‘and’; in the form of a mathematical sign, we can 
write it down as + in the modern way. The particle ca, which is 
used as a conjunctive in the whole of Sanskrit literature can be 
mathematically interpreted to mean ‘add, sum’ etc. It is this 
meaning of ca, viz., ‘addition, combination’ etc. which is perhaps 
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intended by Panini also when he framed the sūtra, cārthe 
dvandvah, for defining the dvandva-compound.” 


12.3.3. Represented as a combination of 1+1+1 


As the following passages will show, what the Vedic people 
meant by ‘three’ was ‘a combination of 1+1+1’. 


RV. 1.13.9 (= RV. 5.5.8), which is an Āprīsūkta, mentions the 
number 3 with reference to the three independent deities as ilā, 
sarasvati and mahi; cf. also RV. 3.4.8; 7.2.8 and 10.110.8. RV. 
1.95.3 (trīņi jana ...samudre ekam divi ekam apsu ekam ) analyses 
‘three’ as 1+1+1. RV. 4.58.4 states tridhā hitam = indra ekam 
+sūrya ekam+venād ekam; also RV. 10.185.1 refers to 3 as 1+1+1 
(cf. trinam......mitrasyataryamnah+varunasya ). It is also to be 
noted that instead of using the number-word eka (= one), the 
Vedas sometimes list or mention the required entities and make 
up for the sum; thus in RV. 1.13.9; 5.5.8; 3.4.8; 7.2.8; 10.110.8; 
10.185.1 etc. quoted above, the three entities are listed to make up 
for the sum 3. The VS-20.43 (tisro devih...sarasvatida...bharati ) 
follows the same way. 


RV. 1.164.44 (trayah keSinah..., sarhvatsare vapate ekah+visvam 
ekah abhi caste+ekasya dadr$e na rūpam ) clearly explains 3 as 
1+1+1. That the number 3 is an immediate consecutive of 2 is 
clearly inferrable from RV. 10.56.1 (idam ta ekam para u ta ekam 
trtiyena jyotisā sath višasva ) which uses the word trtīya (= third) 
after accounting two entities by the word eka repeated; thus 1+1 
and then the next is trtiya. Here we have a clear consecutive 
sequence of 2 (explained as 1+1) and 3. cf. also RV. 10.48.7 
(abhi...eko abhi dvà kimu trayah karomi gives the sequence of 
the first three numbers as 1, 2, 3. Also, we have here the number 3 
explained as 2+1. In RV. 3.2.9 (tisro yahvasya samidhah...tasim 
ekām adadhuņ...dve upa jāmim iyatuh ) we have 3 explained as 
the sum of 142. cf. also KS 21.1: dvir daksiņām amkte sakrt savyam = 
trivrd yajnah. 


c 
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12.4. 4as a combination of 3+1 


RV. 1.164.45 (catvari vak parimitā padāni.guhā trini 
nihita...turiyam...manusya vadanti ) represents 4 as (he sum of 
3+1. Also, the number 4 is the immediate consecutive number of 3. 
Read with § 4.1.2 above, the sequence of the first numbers as given 
in the RV. is 1, 2, 3, 4. 


12.5. 6 asa sum of 3+2+1 


RV. 3.56.2 (sad bhārān...bibharti...tisro mahih guha 
dve...dar$i ekā ) analyses the number 6 as the summation of 3, 2 
and 1. 


12.6 8 asasum of 7 and 1 


RV. 10.72.8 (astau putrāso aditeh...devān upa prait 
saptabhih/para mārtāņdam āsyat ) states that the deity Aditi had 
eight sons; with seven, she went to gods; the remaining one was 
mārtāņda. This clearly states that the number seven requires one 
more to arrive at the number eight. Thus, in figures, 7+! = 8. 


This can also be cited as an example of the operation of 
subtraction. When seven sons went to the gods, what remained out 
of eight was only one son. Hence, in figures, 8-7=1. 


12.7. The number 10 


The number 10 is arrived at by adding different numbers. MS. 
3.3.3. obtains the number by adding 2 five times; cf dyaksaram 
loma, dvyaksara tvak, dvyaksararh mārhsam, dvyaksaram asthi, 
dvyaksaro majja tad da$a; dašāksarā vīrāj, which isidentical with 
KS. 21.4; KKS 31.19. It is to be noted that virāj = ten; cf also MS. 
3.3.7; 3.4.6 etc. 


KS. 20.1 states that 10=5+5, cf. parīca citayah, pala purīsāņi, 
tad dasa, daSaksara virat; cf. also TS. 7.5.8.4: paficabhis tisthantas 
stuvanti...paficabhir āsīnāh; da$a sarhpadyate . cf. also TS. 5.2.3.7; 
5.6.10.3; 6.4.4.2 etc. 
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KKS 31.13 arrives at 10 by the addition of 9 with 1; cf. nava vai 
puruse prāņāh nàbhir daSami; cf. also TS 7.5.15.2: da$a havimsi 
bhavanti, nava vai puruse prāņāh, nābhir dašamī. 


12.8. The number 11 


The number 11 is arrived at by the addition of two as well as 
three different numbers. In the former case, we have 11 = 10+1 
and in the latter case we have 11 = 8+2+1; cf. for 11 = 10+1, MS 
3.7.3; 9.3; KKS 41.2: daša vai pašoh prāņāh, àtmà ekādaša; 
repeated in KS. 29.9 with puruse in the place of paSoh and in TS 
6.3.10.5; 10.3.11.6 etc. cf. also KS. 28.3: daša vasavah, indrah 
ekādaša; da$a rudrah indrah ekādaša; da$a ādityāh indrah 
ekādaša. For 11 = 8+2+1, cf. KS. 26.4 asta a$rayah, dve parusi, 
ātmā ekādaša cf. also AV. 5.15.1: eká ca me daša ca me; cf. also 
MS. 4.6.2. ekayā ca dafabhis'ca. 


12.9. The number 12 


The number 12 is explained as an addition of 1042, 6+6 as well 
as 2+2+1+1+4+2; for the former, cf. KS. 33.2: daša vai puruse 
prāņāh, stanau dvādaša. For 12 = 6+6, cf. TS 7.3.11: dvau sadahau 
bhavatah tani dvādašāhāni sarhpadyante; cf. also TS. 5.6.10: sat 
citayo bhavanti, sat purīsāņi, dvādaša sampadyante. For the third 
explanation of 12, cf. TS. 7.4.11.2: dváda$o vai purusah = dve 
sakthyau, dvau bāhū, ātmā ca, Sira$ ca, catvāry angāni, stanau 
dvādašau. 


12.10. The number 14 


The number 14 is egual to either 7+7 or 10+4; for the former, 
cf. TS 7.3.3.4: caturdasarátro bhavati...sapta grāmyā osadhayah 
sapta āraņyāh. For the latter, cf. TS 7.3.5.3: caturdaša etàh; tāsām 
yah da$a...yà$ ca catasrah di§ah... 


12.11. The number 15 


The number 15 is equal to 10+5; cf. TS. 7.3.7.4: paūīcadaša 
etāh; tāsām yah da§Sa...yah panca . 
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12.12. The number 17 


MS 1.11.6 is repeated in KS. Both of them explain 17 as 
4+2+1(=7)+10; cf. saptadafah purusah = catviņy angáni, 
Sirogrivam, atmā, vāk saptami, da$a pranah. 


12.13. The number 18 


TS 7.4.11.4 obtains 18 by adding 9 with 9; cf. ytādašāhāni 
sampadyante which is equal to navāny anyāni, navānyanyāni. 


12.14. The number 19 


The number word navadaša (= 9+10) used by VS. 18.24, TS. 
4.3.10.1 and KS. 17.4 etc. is enough to give us the idea of its 
derivation as 9+10. Yet, TS. 7.2.11.19 also gives 19 as 20-1; cf. the 
word ekannavirhšati given by TS. 


12.15. The number 20 


TS. 7.3.7.4. obtains it in the following way: viŝo vai purusah - 
daša hastyāh angulayah, + daša padyah angulayah, which means 
20 = 10+10. This passage is repeated many tims in almost all the 
later sarnhitās, as well as in TS. itself. KS. 20.13 explains 20 as equal 
to ‘two viraj’ cf. yad virnšatih, dve virājau. The word virāj, as we 
have noted earlier is equal to 10; cf. above dašākarā virāj; the 
number 20, therefore, is equal to 10+10, which are equivalent to 
‘two viraj’; cf. also TS 5.3.3.3: yad virhšatir, dve tena virājau. Itis to 
be noted that the number 20 is also designated by the number- 
word savisa; cf. TS. 4.3.8.2 etc. Its derivation isnotdear. 


12.16. The number 21 


RV. 7.18.11 states it as the sum of 1420; cf. ekar ca yo virhšatim 
ca. MS. 3.6.3, 9.8; KKS 8.5.7 explain it as 10-1041; cf daša hastyah 
daša pādyāh arhgulayah, ātmā ekavirhfah; cf. alo TS. 6.1.1.8 
repeated. TS. 7.3.10.5 explains it also as 12+5t3+1; cf. TS. 
ekavirhSatiratram āsīran, dvādaša masah, panca rtavih, traya ime 
lokāh, asau ādityah ekavimSah . 
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12.17. The number 22 d 


AV explains it as 2+20; cf. AV. 5.15.2: dve ca me virhšatis ca me; 
cf. also AV. 19.47.3: dvau ca te virhsati$ ca; cf. also MS. 4.6.2: 
dvābhyām...virnšatyā ca . 


12.18. The number 24 


TS 7.4.11.4 derives the number 24 as 'four six-days', i.e. the 
number 6 added four times; cf. catvārah sadahah bhavanti; tani 
caturvirhšati sampadyante; cf. also KS. 33.3: catvarah sadahah 
bhavanti, tani caturvirhatir ahani sampadyante. MS 1.10.8 
derives 24 = 2 sarhvatsaras which is = 2X12; cf. yau dvau 
sarhvatsarau, tayoh caturvirhSatih. 


12.19. The number 25 


KS. 33.8 explains the number 25 as 10+10+2+2+1; cf 
paficavimfam stomam upayanti...daSa hastyā angulayo dasa 
padyā dvau bāhū dve sakthyā ātmā paficavirhSah. 


12.20. The number 27 


It is explained as ‘three nines’ by the word 'tri-nava', besides the 
word saptavirhsati; cf. VS. 14.23: ojas triņavah, which Mahīdhara 
explains as: 24+2+1; cf. Mahīdhara, caturvirhšatyardhamāsah, dve 
ahorātre, sarhvatsaraļ...triņavah; he further explains tri-nava as 
triguņāh nava, ‘three-times nine’. The word tri-nava occurs many 
times in the different samhitas; cf. Kāņvas. 15.7.2 etc; TS. 4.3.3.2 
etc; MS. 2.7.20 etc; KS. 17.4 etc. KS. 34.9 equates tri-nava with 
saptavirnšati; cf. KS 349: saptavirhsatir dikseran, trinavayatanah, 
trinava ime lokah triņavāyatanāh; cf. also KS. 33.8: sapta-virhSatir 
grahitavyah, trinavah ime lokah. 


12.21. The number 29 


The word navavimsati 29, explains it as the addition of 9+20; cf. 
TS. 7.2.11.20. 
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12.22 The number 30 


KS. 33.3 explains it both ways, viz. 10410410230 or ‘5 times 6’; 
cf. KS. 33.3 = daSa hastyā angulayo, da$a padyā, daša prāņāh tat 
trirhšat; cf. also parica sadahani bhavanti, tāni trimSadahani 
sampadyante. MS. 1.10.8 obtains 30 by adding9+1+9+9+2; cf. nava 
hi pranah, ātmā devatā, nava prayājāh, navinuyājāh, dvau 
ājyabhāgau, tat trirhšat. 


12.23. The number 36 


KS. and KKS. arrive at 36 by adding 12+12+12; cf. KS. 20.1: 
dvādaša daksiņatah, dvādaša pašcāt, dvādaša uttarāttāt, tah 
saftrirhšat sampadyante . MS. 1.10.8. states that three sarhvatsaras 
make 36 full months; cf ye vai trayah samvatsarāh tesām 
sattrirhsat pūrņamāsāh. We know that the word sarhvatsara stands 
for one year of 12 months. Therefore, 36 = 3 samvatsaras = 3X12. 


12.23. The number 33 = 3+30 or 30+3; also as 11411411 


RV. 1.45.2 (trayastrirhšatam à vaha ) mentions the number 33 
which is interpreted as the total of 3 and 3; cf. RV. 3.6.9: 
trirhšatam trīrhs ca ; also RV. 8.28.1: ye trirhsati rayas parah; also 
RV. 8.30.2 = ye stha trayas' ca trirhšac ca; d. also VS. 20.36 
(tribhir...trirhšatā ). 


RV. 1.34.11 (4 nāsatyā tribhir ekadaSaih...yatam ) explains 33 as 
‘three elevans’ i.e. 11+11+11; this passage is repeated in VS. 34.47; 
cf. also RV. 1.139.11 = VS. 7.19 = TS. 1.4.10.1 The number 33 is 
explained in VS. 20.11 (trayadeva...ekadaSa trayastrimsah ) as the 
sum of three sets of ‘elevans.’ The plu. trayāķ for trayah is peculiar 
and deserves a notice. cf: also KS. 38.11. 


12.24. Other numbers 


Besides the above numbers, the numbers, 77,99, 107 and 720 
are given as combinations of the relevant numbers; thus 77 = 70+7; 
cf. adhin nv atra saptatirh ca sapta ca , RV. 1093.15; the number 
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107 = 100+7; cf. RV. 10.97.1. fatarh dhāmāni sapta ca which is 
repeated in VS. 12.75; the number 99 = 9+90; cf. RV. 1.32.14: nava 
ca yan navatim ca; cf. also RV. 1.54.6; 84.13; 2.14.4;19.6; 4.26.3; 
48.4; 5.29.6 etc; the number 720 as seven hundred added to 
twenty; cf. sapta Satani virhSati§ ca tasthuh (RV.1.164.11) which 
can be written down as 100+100+100+100+100+100+100+20. The 
number 360 is represented as the addition of ‘three hundred and 
sixty’; cf. RV. 1.164.48: tasmin sākam trisata...Sarhkavah arpita 
sastih which can be written down as 100+100+100+60; cf. also TS 
7.5.1.8: trini ca Satáni sasti§ ca...sarhvatsarasya ratrayah. 


A point deserves notice. If the numbers are written in symbols 
like 1, 2, 3 etc., we read them from left to right if a big number is 
given. Take, for example the number in figures like 12345; we read 
it from left to right as: twelve thousand three hundred forty five. 
That is to say, we start from the higher rank and go to the lower 
rank, step by step. But in the case of the Vedic phrases in words for 
numbers, the method of reading or stating has no definite order. 
For example, in Satam ekam ca, (for 101) or Satam sapta ca (for 
107), the phrases are given in descending order; that is, they have 
started from the higher rank and then gone to lower rank; the 
same is the case with phrases like sapta Satani virh$ati$ ca (for 
720). Yet this order is not always abided by and we find the number 
is expressed in terms of any type of arrangement; that is to say, they 
may start with the lowest rank first and then go to the higher ranks, 
as in ekam ca yo virhšatim ca , (for 21) or nava ca......navatir ca 
(for 99) or trayas ca trim$at ca (for 33). We also get examples in 
which the mention of the number starts, neither from the highest 
nor from the lowest, but from the middle rank; cf. for example, 
trīņi Sata tri sahasrāņi trirhšac ca nava ca (for 3339). We thus find 
that the numbers are mentioned by their ranks; yet no order of 
ranks, either from lower to higher or from higher to lower, seems 
to have been followed strictly. But as we approach the period of 
classical Sanskrit, we find that the order from higher to lower , 
ranks is strictly followed. Perhaps, the looseness of order of ranks 
in the Vedic period is possible because 
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of the inflexional character of Sanskrit words, and 

the numbers are stated, not in symbols, but in words. This, 
however, it must be remembered, does not permit us in any 
way to conclude hastily that writing was totally unknown to 
Vedic civilisation. 


13 


Examples of Subtraction 


The passages quoted above for addition can themselves serve as 
examples of indicating the knowledge of the operation of 
subtraction on the part of the Vedic seers. Thus in RV. 1.95.1 and 
RV. 1.164.20, what remains is number ‘one’ when number ‘one’ is 
subtracted from number ‘two’. RV. 1.164.45 gives us that when 
‘three’ out of ‘four’ are accounted for or explicitly mentioned, 
what remains is ‘one’. Similary what remains after ‘seven’ are taken 
out of ‘eight’ is ‘one’, which is accounted for in RV. 10.72.8 and 9 
(asfau putraso aditeh...devān upa prait saptabhih, para 
mārtāņdam āsyat ). Also RV. 3.2.9 (tisro yahvasya samidhah...etc. ) 
deducts ‘one’ from ‘three’ and the remainder is stated.to be ‘two’ 
(cf. tāsām ekām adadhuh...upa dve...iyatuh ). 


KKS. 35.8. may serve as the best example of subtraction. It 
relates a story of the Anustubh-metre. It says that in the beginning 
the Anustubh-metre contained four pādas, with ‘three’ pādas of 
‘eight’ syllables each and ‘one’ pada of ‘seven’ syllables. Out of the 
‘seven’ syllables of the fourth pada, ‘three’ went to a pada of 


''eight' syllables; that became (8+3=) ‘elevan’-and it was the 


Tristubh metre. When ‘three’ of the ‘seven’ went away, what 
remained was ‘four’; these ‘four’ went to the 'eight'-and that gave 
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(8+4=) 'twelve'-that was the Jagattmetre. What remained was only 
one pada of ‘eight’ syllables-and that was the Gayatri metre. To 
represent the literary statements by figures of numbers- 


Anustubh = 8+8+8+7 (total 4 padas) 


Tristubh is derived as 8+3 = 11, 3 being taken away from 7. 
Symbolically, Anustubh = {(8+3)+8+8+(7-3 i.e. 4)) 


Jagati is derived as 8+4, 4 being taken away from the fourth 
pada; symbolically, Anustubh = {(8+3)+(8+4) +8}, in which the first 
(8+3) is Tristubh, the second (8+4) is Jagati and the last 8 is 
Gayatri. cf. KKS. 35.8: 


si esā anustup. tasyāh saptaksaram ekam pādam astāksarāņi 
trini. tesàm saptānām yāni trīņi tany astāv upayanti. tany ekadasa. 
sā tristup. 


yani catvāri tany astāv upayanti. tani dváda$a. sā jagati. 
yāny astau sā gāyatrī. 


This statement is a good example of both the operations of 
addition and subtraction. The examples can be multiplied; cf: for 
example, the RV. passage like 1.35.6 (tisro dyāvā savituh, dvā 
upasthā, eka yamasya bhuvane ) for 3-2 = 1 etc. 


It must be noted, however, that there is neither any sign nor 
sign-word used to expressly indicate subtraction. It is by 
implication that we have to conjecture the process of subtraction. 
The only sign-word that is used for indicating the operation of 
subtraction is, as we have said before, üna. 
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Examples of Multiplication 


As we have said above, the process of multiplication is to be 
understood by the suffixes -s (i.e. suc), -krtvah (i.e. krtvasuc) or the 
morpheme -vrt or -vára (both from vr) which are applied to the 
number words. No special word or sign is used to indicate the 
process. The following examples from all the nine Vedic sarhhitās 
may be cited for the working of the process of multiplication. The 
process can also be understood by implication, in which case the 
suffixes are not used at all. 


14.1. Multiplication without suffixes 


MS. 1.10.8 gives 12X3 - 36 and 12X2 - 24; cf. ye vai trayah 
sarhvatsarāh tegàm sattrimSat pūrņamāsāh (sarhvatsara = one 
year = 12; cf. MS. 3.3.3;4.6;7: dvādaša masah sarhvatsarah ) yau 
dvau tayoh caturvirhšatih. 


TS. 7.4.11 = states 6X2 = 12; cf. dvau sadahau bhavatah. tāni 
dvādaša ahāni sampadyante . also, 6X4 = 24; cf. TS. 7.4.11: 
catvarah sadahāh bhavanti. tani caturvirhšati sampadyante = 
KS.33.3. 10X2 = 20; cf KS. 20.13: yad visati, dve virājau; 
dašākgarā virāļ. 
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6X3 = 18; cf trayah sadaha bhavanti; tany astādašāhāni 
sampadyante, KS. 33.3. 


5X6 = 30; cf KS. 33.3: pafica sadaha bhavanti; tani 
trirhšadahāni sampadyante. 


All these.passages, as we have said earlier, go to show the 
method of counting by groups or sets. The phenomenon of 3X9 = 
27 is expressed by a compound triņaw for 27 in KS. 33.8; cf. 
saptavirhsati grahītavyā ; trinavà ime lokih. This is an example in 
which a number is indicated by multipliation and not by addition, 
as in sapta-virhšati (7+20). Many examples.can be quoted. AV. 
1.1. (ye trisaptáh pariyanti) provides another example of a 
number indicated by multiplication; thus, 21 = 3X7. 


14.2. Multiplication by the suffix -suc i.e. -s 


20 expressed as ‘two times ten’ i.e. 2X10; cf. RV. 1.53.9: tvam 
etàn janarajfiah dvih daša . 


21 expressed as 3X7; cf. RV. 1.72.6: trih sapta guhyāni. 


10 as the multiplication of 2X5; cf. RV. 4.6.8;9.98.6: dvir yat 
pafica svasárah . This phrase viz. dvih paña elsewhere occurs in the 
form of the result 10 of this multiplication; cf. RV. 9.1.7: yosano 
da$a; RV. 3.29.13; 9.71.5 etc. daša svasarah . 


The passage viz. RV. 8.96.8 (trih sastis tvà maruto vavrdhanah ) 
gives the multiplication of 3X60 = 180; an another passage, RV. 
8.46.26 (trih sapta saptatīnām ) states the product of ‘ three times 
seven seventies' i.e. (3X7) X70 = 1470; it can also be represented as 
3X(70+70+70+70+70+70+70). A lot of examples of the 
multiplication by the suffix -s attached to the number-words are 
available from other sarhhitās, which need not be reproduced 
here, since the oldest sarhhitā viz. Rgveda is sufficient to prove the 
point; cf. MS. 4.2.4: dvih sat madhyatah which gives 2X6 = 12; cf. 
also further MS. 4.2.4: dvir dafa = 2X10 = 20; KS. 38.11: trir 
ekada$a - 3X11 = 33 etc. 
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For catuh, 'four times', cf. AV. 11.9.9: catur namo astakrtvo 


bhavaya da$a krtvah paSupate namaste, cf. also astakrtvah (=8 
times) and daSakrtvah (= 10 times). 


14.3. Multiplication by the suffix -krtvas 


The number-words to which the suffix krtvas (Pāņinian 
krtvasuc) i.e. krtvah is added to give out the sense of multiplication 
are: tri, parīca, sat , asta, nava, da$a, ekadaSa and dvādaša; cf. for 
tri, MS. 4.1.10: trih krtvah; for panīca, TS. 6.1.1;9.5: parica krtah; 
for sat, TS. 6.5.3: sat krtvah, for asta, TS. 6.4.5: astau krtvah; for 
nava, MS. 4.5.7: nava krtvah; for daša, MS. 3.7.4: dasa krtvah; for 
ekādaša, TS. 6.4.5: ekādaša krtvah; and finally for dvādaša also, 
TS. 6.4.5: dvādaša krtvah. In the case of the word tri, a peculiar fact 
notable is that both the suffixes viz. s and krtvah are applied to it to 
make it a sort of double multiplicative. It is also to be noted that 
the multiplicative from asta with krtvah is not astakrtvah but astau 
krtvah, the nom./acc. suffix au remaining as it is. The suffix krtvah 
is not found in the earlier three main sarhhitàás, viz. RV. VS. and 
SV. AV.; AV. 11.2.9 (quoted above), however notes the form 
astakrtvah instead of astaukrtvah. 


14.4. Multication by the suffix -vrf/váram 


For the meaning ‘once’, cf. MS. 4.2.13: tad ekavrd ašayat. The 
form, it is to be noted, is hapax in the whole of the Sarhhitā 
literature, and perhaps in the whole of the Sanskrit literature. As 
in the case of the suffix -krt where eka is substituted by -sa, so also 
in the case of the suffix vrt, the word eka is substituted by sa; and 
we have the form savrt; cf. KS.17.7: savrd asi; savrte tvā. 


For dvi-vrt, cf. KS. 11.4: dvivrt hiranyam daksinà; dvi-vrt = ‘two 
times'. 


For tri-vrt, a host of references are available cf. RV. 1.140.2: 
trivrd annam rjyate etc; tri-vrt- 'three times'. 
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For -vāra, we have a word Satavara in AV (19.36.1; 3; 6); but it 
refers to a maņi i.e. jewel of that name. Yet, the repetition and 
context of the word Sata many times in the hymn does not rule out 
the possibility of the word signifying *a hundred times'. 


14.5. Multiplication by the suffix -krt 


This is available only in one case, that is, in the case of the word 
‘eka’ only. There also, the word eka is substituted by sa and we 
have the multiplicative as sakrt. Many references throughout all 
the nine samhitās are available; cf. RV. 1.105.18: aruno mā sakrd 
vrkah pathā yantam dadarša hi , etc. 


14.6. Other examples of multiplication 


j Besides the above examples in which the product of two 

numbers is indicated by some suffix, there are others in which the 

| | ready-made result of the multiplication is given without resorting 

aM to any suffixes suggesting multiplication. We have the examples 

| from RV. and AV. in which we get the regular ready-made 
i multiples of 2, 10 and 11. The following are the examples. 


In RV. 2.18.4, we get regular multiples of the number 2, 
multiplied successively by numbers one to five; cf. 


à dvābhyām haribhyam indra yahi -2-2Xl; 

ā caturbhih = 4 - 2X2; 

à sadbhih = 6 = 2X3; 

à astabhih = 8 = 2X4; and 

(a) dasabhih = 10 - 2X5 

The next rc. viz. RV. 2.18.5 gives us all regular multiples of ten 


multiplied by numbers from one to ten; thus borrowing daSabhih 
from the preceding rc quoted above, we have, 


(a) dašabhih = 10 = 10X1; 


à vimSatya = 20 = 10X2; 


Examples of Multiplication 97 


(ā) trīrhšatā 30 = 10X3; 

à catvārirhšatā = 40 = 10X4; 

ā paficasata = 50 = 10X5; 

ā sastyā = 60 = 10X6; 

(ā) saptatyā = 70 = 10X7; 

(rc. 2.18.6) 4 asītyā = 80 = 10X8; 
(ā) navatyā = 90 = 10X9 and finally 
4 fatena = 100 = 10X10. 


The AV. goes a step further and enumerates all the multiples of 
the number eleven in AV. 5.15.1-11. Thus we have, 


ekā ca me daša came -1+10 = 1X11 
dve ca me virhšati$ ca me = 2+20 = 22 = 2 (1+10) = 2X11 
tisra$ ca me trirhsac ca me =3+30 = 33 = 3 (1+10) = 3X11 


catasra$ ca me catvārirnšac ca me = 4+40 = 44 = 4 (1+10) = 
4X11 


panca ca me paficáfac ca me =5+50=55=5 (1+10) =5X11 
sat ca me sasti§ ca me = 6160 = 66=6 (1+10) = 6X11 

sapta ca me saptati$ ca me - 74702 77 27 (1+10) =7X11 
asta ca me ašītiš ca me = 8+80 = 88=8 (1410) = 8X11 

nava ca me navati$ ca me =9+90 =99=9 (1+10) =9X11 
daša ca me $atarh ca me = 10+100=110= 10 (1+10) = 10X11 


Each of the second number in every line of the text is the one 
obtained by multiplying the first number by 10; thus in the first 
line, 10 is ten times of 1; in the second 20 is ten times 2; 30 is ten 
times 3 and so on. That this concept of ‘ten times’ is intended is 
clear by the fact that at the end of all these rcs comes the pāda, 
Satam ca me sahasram ca me , in which sahasra (= 1000) is ten 
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times Sata (= 100), and which totals to (10004100 =) 1100 which is 
ten times of 110 given before. 


This rc also reflects the idea of the process of multiplication of 
the first numbers mentioned in the rcs by numbers from 1 to 10. 
Thus, the numbers 1410, taken as members of a single group are 
multiplied by numbers 1-10 independently orsingly. Thus we have 


14102 1X(1+10) = 1+10= 11 
2490 = 2X(1+10) = 2+20 = 22 and so on. 


What seems to have been done is that, first, the number elevan 
is represented as the sum of 1+10. And then, at the second stage, 
the two numbers 1 and 10 indicating the parts of the number 11 
are independently multiplied by numbers 1 to 10 and then lastly 
by 100. And we have the series- 


1X (1410) = 14102 11 

2X (1+10) = 2+20 = 22 

3X (1+10) = 3+30 = 33 etc. and lastly....... 
100X (1+10) = 100+1000 = 1100. 


This certainly reflects a new approach or method of 
multiplication, because to say 2X11 = 22 is different from saying 
2X(1+10) = 2+20 = 22. Such a method of representing the 
multiplication clearly reflects the concept of multiplying the parts 
of a number first and then totalling the multiplication results 
rather than multiplying the total. The parts which represent the 
parts of the big number are bracketed and each part is 
independently multiplied by a number outside the bracket. 


From the other point of view, the number outside the bracket 
seems to have been taken out of the brackets as the common 
factor of the two numbers inside the brackets. Thus, 


2+20 = 2 (1+10) 
3+30 = 3 (1+10) 
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4440 = 4 (1+10) 
5+50 = 5 (1+10) 
6+60 = 6 (1+10) 


7+70 = 7 (1+10) 

8+80 = 8 (1+10) 

9+90 = 9 (1+10) 

10+100 = 10 (1+10), and lastly 
100+1000 = 100 (1+10) 


Thus the factor (1+10) is common to all; as well as, the numbers 
1-10 and 100 are common factors of the respectrive numbers. If 
this line of thinking is correct, we are led to the conclusion that 
the process of factorisation or taking out the common factor of the 
given expression/s seems to have been known to the Vedic 
people.” This method of representing the number (the number 
11 in this particular context) gives us two ways of expressions: one 
can add any two numbers and then multiply them by a third 
number; or one can multiply by the third number the parts of a 
given number which can be suitably represented by analysing it 
into two (or three or even more) parts, and then add the results. 
Thus, to represent symbolially the principle by way of a formula, 
given the number a to be multiplied with the total of c and d, we 
can multiply first a independently with c & d and then add the 
results as axc + axd = ac + ad, or multiply the total of c & d as 
ax(c+d) = actad, which again will be equal to the above result. 


Also, the number 11, for example, is a substitute for the sum 
1+10, or vice versa, the expression 1+10 can be taken as the 
substitute of 11. In Pāņinian terminology, 1+10 is an ādeša of 11, 
and conversely, 11 is an ādša for 1+10*. 


The same process noted above finds its exact, but inverse or 
upside-down, replica or mirror-image in the AV. 19.47.3. What is 


| 
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done in AV.19.47.3 is that the author has started from the number 
99 and come down to the number 11 which is the lowest (avama). 
The rc is as follows: 


ye te...drastāro navatir nava =90+9 = 99 
aSitih...asta = 8048 = 88 

sapta saptatih = 7470 = 77 

sasti§ ca sat ca = 60+6 = 66 

paūīcāšat parīca = 50+5 = 55 

catvāra$ ca catvārirhšac ca = 4440 = 44 
trayas trirhšac ca = 3+30 = 33 

dvau ca virhšati$ ca = 2+20 = 22 
te...ekādaša avamah =1+10 =11 


In this case, the author has started from the highest single-dight 
multiplier viz. 9 and came down gradually to the lowest single-digit 
multiplier or common factor 1; and we have this descending series 
of the multiples of 11. 


The passage from VS. 18.25 states the multiples of the number 
4. It runs as follows: 


catasra$ ca me, astau ca me,...dvādaša ca me,..godaša ca 
me,..vim$ati$ ca me,..caturvim$ati$ ca me,...aglàvirfatif ca 
me,...dvātrirhšat ca me,...sattrirhšat ca me,...catvārimšat ca 
me,...catušcatvārirhšat ca me,...astācatvārīmšat ca me..... 


Thus, we have 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44and 48 as the 
multiples of 4, which are obtained by multiplying 4 by numbers 
from 1 to 12. 


Itis really interesting to note how the multiples of4 are derived 
by Veda. The root of the derivation of these multiples lies in the 
previous verse, viz. VS. 18.24. It lists all the odd numbers from 1 to 
33 and reads as follows: 
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eka ca me, tisra$ ca me...pafica ca me...sapta ca me...nava ca 
me... ekādaša ca me... trayodaša ca me... paficada$a ca me... 
saptadaša ca me... navadaša ca me... ekavimfati$ ca me... 
trayovirhsati$ ca me,... paūicavirhšati$ ca me... saptavirhšatis ca 
me... navavirhšati$ ca me... ekatrirhšat ca me... trayastrirhšat ca 
me.... 


We state the above two verses of VS. in modern symbols for 
numbers for the sake of convenience and easy understanding. 


VS.18.24: 1, 3, 5, 7, 9, 11, 18, 15, 17, 19, 21, 23, 25, 27, 99, 31, 
and 33. 


VS. 18.25: 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44 and 48. 


If VS. 18.25 is read with and in the context of the previous verse, 
VS. 18.24, one can easily find out the roots and the method of the 
derivation of the multiples of 4. 


Looking closely and comparing the two verses 18.24, and 25, we 
find that the first number 4 of the rc 18.25 is derivable by the 
addition of the first two odd numbers viz. 1 and 3 of the verse VS. 
18.24. The next second multiple of 4 viz. 8 can be derived by the 
addition of the next odd numbers 3 and 5; the third multiple by 
adding the next odds viz. 5 and 7; the fourth by the addition of 7 
and 9 and so on. It is because mathematically the verse 18.95 
depends upon the verse 18.24 for a clear meaning that the two 
verses are put together, 18.25 succeeding 18.24. 


The MS. 1.5.8 has an interesting story to tell about both the 
operation of addition as well as multiplication. To quote, 


manor ha vai daša jayah āsan: daSaputra, navaputrā, 
asfaputra, saptaputra, satputrā, paficaputra, catusputrā, triputrā, 
dviputrā, ekaputrā. Ye nava àsan tàn ekah upasamakrāmat; ye 
astau tàn dvau; ye sapta tàn trayah; ye sat tán catvārah; atha vai 
pafica eva pafica āsan; tah imah panca, dašatah imān paņca 
nirabhajan; yad eva kirh ca manoh svam āsīt, tasmāt te vai 
manum eva upādhāvan; manau anāthanta. tebhyah etāh 
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samidhah prāyacchat. tabhir vai te tan niradahan. tabhir enān 
parabhavayan. 


Freely translated, what the story tells is: Manu had ten wives, 
named respectively as dasaputrā (having ten sons), navaputrā 
(having nine sons), astaputrā (having eight sons), saptaputrā 
(having seven sons), safputra (having six sons), paficaputra 
(having five sons), catusputrā (having four sons), triputrā (having 
three sons), dviputra (having two sons) and ekaputrā (having one 
son). 


The one and the only son of ekaputra merged with nine of the 
navaputra; the two sons of dviputra joined with the eight of 
astaputra; the three sons of triputra combined with the seven of 
the saptaputrā; the four sons of catusputrā crossed over to the six 
of the safputra. The five sons of paficaputra were left alone, 
against all others. 


The five sons of the paficaputr then approached Manu. Manu 
had some property/guality (cf. the word svam which conveys the 
sense of the inherent natural quality) of his own. He gave the five 
sons the samidhs i.e. the oblation-sticks. They took the samidhs 
and defeated all the other sons. 


Here the story ends. The whole story, it should be noted, is a 
kind of commentory or explanation of the Vedic rc, indhānās tva 
fatam himah dyumantam samidhimahi , which occurs first in VS. 
3.18 and is repeated in TS. 1.5.5,7; MS. 1.5.2,8; and KS. 6-9, 7.6, 
35.9. AV 19.55.4 reads: indhānās tvà Satahimā rdhema . 


Representing the number-words in the above story in modern 
number-symbols, the picture we get is as follows: 


10 wives: 10, 9, 8, 7, 6, 5, 4, 3, 2, 1 

The number 1 joining with 9 gives us 10 
The number 2 joining with 8 gives us 10 
The number 3 joining with 7 gives us 10 


The number 4 joining with 6 gives us 10 
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The left-hand side of the numbers from 10 to 6 thus gives the 
numbers as 10, 10, 10, 10, 10 which all make together 50. There is 
only one number left over on the right-hand side, and that is 5, 
which, being isolated, becomes panicky and approaches Manu for 
guidance and protection as there are 50 on the other left-hand 
side against 5 on the right-hand side. In other words, the strength 
of the left-hand side is ten times that of the right-hand side. Manu 
gives the number 5 a trick, a device, a remedy and the remedy is in 
the form of the samidhs. 


What is this samidh? The samidh in this context refers to the rc 
VS 3.18 quoted above; this rc contains the word fatam ie. 100. 
Manu gives the number 5 this trick to become hundred-fold as 
against the ten-fold of the other side. The number 5 then becomes 
hundred-fold into 500 and wins over a defeat on the number 50. 


The story clearly states two mathematical operations, viz. 
addition of 9, 8, 7 and 6 with respectively 1, 2, 3 and 4 giving out 10 
in each case; and multiplication or repetition of the number 5 
hundred times giving out the number 500. 


We can thus see how the scientific truths stated in the Vedas are 
shrouded under the garb of short stories which apparently look 
myihical and childish, but which help us in arriving at the core of 
the theories they aim ai expounding. The Vedic verses contain 
some suggestive word/s which help us in their interpretation. The 
context and the tone of the stories is very important in such case. 
The present story of Manu, his wives and sons, for example, 
contains and is playing with numbers. We, therefore, select the 
number-word $atam from the verse which Manu recommends to 
the 5 sons. If, however, the context of the story were pertaining to 
seasons, the word from the given verse important and suggestive 
for us would have been himāh which means 'cold autumns'. But 
since the context and contents of the story are numbers, we choose 
the number-word Satam to get the clue. 


The story can also be interpreted in another way by basing the 
interpretation on the mathematical operation of addition. We 


104 Mathematics as Known to The Vedic Samhitās 


borrow the word Satam, and consequently the number 100 also 
from the given rc and add it to the number 5 which is left over 
alone after all the other number joined together to make 50. And 
we have 5+100 = 105, which is more than double the number 50 on 
the left-hand side. The number 105 then defeated the number 50; 
that is to say, 105 oumumbered 50. 


In view of the fact of addition of all other numbers, the present 
interpretation based on the addition of 5 with 100 is also not 
unwarranted. Since the other numbers swelled themselves by 
addition, Manu advised number 5 to join with or add with the 
number 100. 


15 


The Examples of Division 


As we have seen before, the suffix which is employed by the Veda 
to suggest or signify the process of division is -dhā which is applied 
to the number-words; and we have the divisional distributives as 
ekadha, dvidha etc. The following examples provide us with the 
evidence of the knowledge of the mathematical procedure of 
division on the part of the Vedic sages. 


15.1. ekadha 


AV.5.17.8 (uta yat patayo daša striyáh pürve abrahmanah, 
brahmā ced hastam agrahit sa eva patir ekadhā ) says that a 
Brahmin is the only one husband for a lady. Literally, ekadhā 
would signify ‘in only one way’; cf. also AV. 8.9.26 (ekam dhāma, 
ekadhà āšigah) and AV. 10.10.5 (ye devās tasyam prāņanti te 
vašam vidur ekadhā). The meaning of ekadhā seems to fluctuate 
between ‘in one way’ and ‘one time’; cf. also MS. 4.3.8: ekadhā và 
etad yajamāne yajūasyāšīh pratitisthati . 


|. 152. dvidhā/dvedhā/dvaidha 


The distributive from dvi occurs in non-numerical context in all 
the passages. Mathematically speaking, we have no example for 
dvidhā; cf. RV. 10.56.6. and also other samhitās. 
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Yet, the meaning conveyed by dvidhā, viz. ‘in two parts’ is 
conveyed by the word ardha 'half. Perhaps because of the 
existence of the word ardha the Vedic people did not find it 
necessary to use the word dvidhà, a derivative from dvi. 
Incidentally, the word ardha is derived from *rdh 'to prosper, to 
grow’ and with a semantic change ‘to become many’. In dividing a 
thing/sum into two parts, one makes it into many. 


The examples dvih panca (=10) and dvau sadahau (= 12), 
quoted previously in the context of the operation of multiplication 
can be cited in the context of the operation of division also, since 
division is the reverse process of multiplication. Thus, 5x2 = 10 and 
10/2 = 5 or 10/5 = 2; 6x2 = 12 and 12/2 = 6 or 12/6=2 etc. 


For ardha as ‘half’, which also occurs always in the non- 
numerical context, cf. RV. 1.92.1, 2.30.5, 6.30.1 etc. RV. 1.92.1 
mentions ‘two halves’ and refers to one halfpart as 'pūrva ardha’; 
RV. 1,164.12 refers to the second half-part as ‘para ardha'. RV. 
2.27.15 refers to both the parts as ubhau ardhau. MS. 4.6.6 says 
that Indra became inte two parts; cf. iti sa dvibhāgarh babhūva . 
He is, therefore, called ardhabhak cf. MS. 34.1. 


The following passage from TS. 7.1.5 is very interesting from the 
point of view of the division of the number 1000 into three parts. 
The numerical value of the parts, however, is not given there; it 
simply refers to the division of 1000 into three parts. The passage 
runs as follows: 


atha ya sahasratami āšīt tasyàm indraš ca vignuf ca 
vyayachhetam/sa indro amanyata: idam visnuh sahasram 
varksyate iti. tasyám akalpetām dvibhage indrah, trtīye visnuh, 
which, roughly rendered, is as follows: 


Both Indra and Visnu laid their claim on (something) which 
was one thousand. Indra thought that Visnu would snatch away 
(varksyate, from Vvrc/vr) the whole one thousand. So they 
decided-two parts for Indra and the third part for Visnu. 
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The same passage further says that 2/3 should be given to 
brahman and 1/3 to the Agnidh; cf. dvibhāgam brahmaņe, 
trtiyam agnidhe. How the number 1000 is divided into 3 equal 
parts, except in fraction, is not clear. The 1/3rd part will only be 
1000/3. MS. 4.6.6 (esa ardhabhāk prāņānām) mentions the 
fraction 1/2 by the word ardhabhāk, ‘divided into half. Now, the 
interesting point is that the prāņas are said to be da$a i.e. ten in 
the immediately preceding line (daša vai pranah ) The ‘half of the 
prāņas, therefore, comes to 5. 


In the same passage of MS. 4.6.6, we get the following 
references to the 1/3 and 2/3 parts of an entity. Not only this, but 
the last line says that they together become full cf divah 
āpyāyasva iti sa trtiyam babhūva. antariksād āpyāyasva iti sa 
dvibhāgam babhūva. prthivyā āpyāyasva iti sa pupūre, which can 
be roughly rendered as: 


(The Adhvaryu said) "You swell from the heaven”-and he 
became one-third. (Adhvaryu said) "You swell from the mid- 
region”-and he became two-parts. (Adhvaryu said) "You swell from 
the earth”-and he became full or whole. 


From the two passages of TS and MS. quoted in full it is very 
clear that the rsis knew the fractions 1/3, 2/3 and 1/2. It is also/ 
evident that they knew full well that 1/3+2/3 together make one 
whole i.e. 1. TS. 7.4.1 (= KKS.31.20) mentions that a sarhvatsara 
i.e. an year (=12 months) consists of 24 half-months. This gives a 
division of 24 by 2 as 24/2 = 12 which is the number of months of 
an year. 


15.3. tridhā/tredhā/traidha 


These distributive adverbs nowhere occur in the numerical 
context in any of the Vedic samhitas. The passages quoted in the 
case of the multiplication-process can also be cited for the process 
of division. Thus, trih sapta = 3X7 = 21; and 21/3 = 7 or 21/7 = 3 


etc. 
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15.4. caturdhā 


The Rbhus in the RV. are said to divide one cup (camasa ) into 
four parts; cf. RV. 4.35.2: ekam vicakra camasam caturdhā ; also 
RV. 4.35.3: vyakrņota camasarh caturdhā . The example catvārah 
sadahāh (= 24), quoted in the context of multiplication can also 
be borrowed here to show division; thus 4X6 = 24; therefore, 24/4 
= 6 or 24/6 - 4. 


15.5. parīcadhā 


The passage parīca sadahah bhavanti quoted before can be 
cited for the operation of division also; thus, 5X6 = 30; hence, 30/5 
= 6 or 30/6 - 5. 


15.6. division by seven 


The Maruts, whose number is given by RV. (1.133.6: trisaptaih 
Sūra satvabhih) as 21 always stay in groups. The total number of 
groups of the Maruts, as TS. 2.2.11 (saptagaņāh vai 
murutaņ...gaņašah eva etān avarundhe ), is 7. Each group, 
therefore, automatically consists of 3 Maruts. The number 21 here 
is seen to be divided by 7, and we have, 21/7 = 3. RV. 5.52.17, 
8.28.5, however, (cf. A.A. Macdonell, Vedic Mythology , p.78) 
gives the number of Maruts as ‘thrice sixty’ (cf. RV. 8.85.8). RV. 
5.52.17 and 8.28.5 give the number of Maruts as 49 (sapta-sapta) 
cf. also Devibhagavata , 4.3; Matsya Purana, 7 and Ramayana, 
1.45,46; cf. also SK Lal, Female Divinities in the Hindu Mythology 
and Ritual, CASS, 1980, p. 14. In that case, the number 49, 
grouped into 7 groups, will be divided by 7; thus, 49/7 = 7. The 
word gana shows the idea of forming or counting by groups. 


We have other distributive words also like navadhā, daSadha, 
sahasradha etc. But we do not find any convincing evidence, 
especially in numerical contexts, which will unmistakably show the 
operation of division. Yet, since the words are used, they indicate 
the knowledge of division of a number in so many parts as the 
number to which the suffix -dhā is added indicates. 
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15.7. Division into many parts 


A passage from TS. 5.4.8 (bhüyisthabháktam indram dadhāti ) 
uses the word bhüyistha which is the superlative of the word bahu 
and/or bhüri. The word means 'Indra who is divided into many'. 
This word indicates the division of an entity into many parts. The 
passage mentioning Indra's division into two parts may be recalled 
here for his division into many parts. 


SN 
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The Concept of Fractions 


Just as the two processes of multiplication and division, like the two 
processes of addition and subtraction, are inverse reflections of 
each other, and one implies the other, the process of division also 
implies the knowledge of yet another mathematical category; and 
the category or the concept is ‘the fraction’. Actually knowledge of 
fractions is a necessary, inevitable corollary of the knowledge of 
division. The words which signify the ‘fraction’ used in later 
Sanskrit mathematical literature are ‘amsa’ (i.e. part) and mātrā 
(lit measure; but it also means ‘part’). Bhāskarācārya uses the 
word ‘bhagajati’, ‘the parts’. (cf. Leelavati, verse 30). The word 
mātrā in the above-mentioned sense is used in the Vedic literature. 
Cf. TS. 7.1.6. tredhāvibhaktam vai trirātre sahasram sáhasrim eva 
enām karoti; sahasrasya eva enàm mātrām karoti , which signifies 
the 1/1000th part. In RV. the word mātrā signifies just ‘a measure’, 
whose numerical value is unknown (cf. RV. esp. 3.38.3; 46.3; 
10.71.11). Yet the meaning of mátrá as ‘part’ (= amša) is quite 
evident from the passages of other sarhhitās like the TS. quoted 
above. Other references from other sarhhitàs may also be quoted. 
In MS. 4.6.5 (tryanikam asya prajā bhavisyati ), the word tryanika 
signifies ‘three parts’. 
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Another peculiarity of Vedic words for indicating fraction is that 
they use the same words for showing 'that much part of the 
number, as are used for ordinals of the number-words. Thus, in TS. 
2.4.19, we have the word trtiya itself, meaning not 'the third' as 
ordinal, but ‘the third part’; cf. sa visnuh tredhā ātmānam vi 
nyadhatta. prthivyam trtiyam (i.e. 1/3 on the earth), antarikse 
trtiyam (i.e. 1/3 in the mid-region), divi trtiyam (ie. 1/3 in the 
heaven). It is clear that the word tritiya is used to signify 'the third 
part’. Also, the words for indicating ‘the first, second or third part’, 
are not used at all. The first trtiya, therefore, means ‘the first 1/ 
8rd;’ the second trtiya means ‘the second 1/3rd' and the last trtiya 
means ‘the last 1/3rd.' The word trtiya, therefore, serves the 
function of what we call ‘the denominator’ in modern 
mathematics; and the word for numerator is taken to be 
understood from the contexts. That is to say, in the first trtīya, the 
numerator is 1; in the second it is 1 and in the third also, it is 1. 


We have many examples in the sarhhitās. The above example of 
1/1000th part has a paralled in RV. 6698 (tredhā 
sahasram...airayetham ) cf. also TS. 5.2.6: vrtrah...tredha abhavat 
sphyah trtiyam, rathas trtiyam, yüpah trtiyam, which is identical 
with TS 6.1.3; KS. 20.4; KKS, 31.6. The same meaning of 1/3 is 
conveyed by the word trtiya by MS.4.6.2: tad vai bhesajam tredha vi 
nyadadhuh. agnau trtiyam, brahmane trtiyam, apsu trtiyam. cf. 
also, KS. 23.6: tredha và etasya pāpmānam vibhajante...yo annam 
atti sa trtiyam, yo aslilam kirtayati sa trtiyam, yo nama grhņāti sa 
trtiyam. cf. also KKS 7.3: tredha tanvo vi nyadhatta. pašusu 
trtiyam, apsu trtiyam, āditye trüyam; cf. also KKS. 35.8: yajūas 
ca...tredha prāvišat. rcam trtiyena, sama trtiyena, yajus trtiyena. 


The fraction 1/2 is indicated by the word ardha ‘half. The word 
is found with two accents-one as ardhá accenüng on the last 
syllable, and the other as árdha accenting on the first syllable. 
There is yet no difference of meaning between the two words. Two 
halves make 'one full; cf AV. 5.1.9: ardham ardhena payasā 
prnaksi, ardhena $ugma vardhase asura, cf. also AV. 10.8.7: 
ekacakram vartate ekanemi...ardhena vi$varh bhuvanam Jajana, 
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yad asya ardham kva tad babhūva; also AV. 10.8.13: ardhena 
vi$vam bhuvanam jajāna, yad asya ardham katamah sa ketuh. 


We do not get explicit reference to other simple fractions like 
1/4, 1/5, 1/6 etc. The following passages from AV. may, however, 
be cited; cf. AV. 15.15.1: tasya vratyasya. sapta prāņāh yo asya 
prathamah prāņah (= first of the seven = 1/7); yo asya dvitiyah 
prāņah (= 2nd of the seven = 2/7) etc. The list goes upto saptama 
(c£. AV. 15.15.9) which gives us 7th of the seven, i.e. 7/7 which is 
equal to unity. The same idea is repeated in the hymns AV. 15.16 
and 15.17. We, therefore, may get the fractions 1/7, 2/7, 3/7, 4/7, 
5/7, 6/7 and 7/7i.e. unity. 


AV. 11.1.5 (tredhā bhāgo  nihitah yah purā...arhšān 
jānīdhvam, vi bhajāmi ) states that "three parts were laid down, in 
ancient times,...Ī divide them; know the parts.” We have seen 
before (in the case of the word trtiya and tredhā) that while 
denoting the fraction 1/3, the word for the denominator (viz. 
trtīya) is used. But sometimes the word for the numerator also is 
used; the denominator, being common, is left to be understood. 
Thus, in AV. 5.2.8.6 (tredhā jatam  janmanà idam 
hiranyam...agner ekam priyatamam babhüva, somasya ekam, 
apām ekam); it is said that hiranya was born in three parts; one 
(part) became dear to Agni, one to the Soma and one to the 
waters. Thus instead of speaking trtiyam, the rc says ekam i.e. *one' 
referring to the numerator in the fractions, 1/3, 1/8, 1/3. It is also 
clear from all the above passages that the Vedic people knew that 
1/3+1/3+1/3 give out 3/3 i.e.1 or unity. 


Besides indicating the division by the numerator number-word 
or denominator number-word, we have statements in the form of 
phrases which bring out the idea of parts. Thus, in RV. 10.94.4 
(pādo'sya vi$và bhütàni tripād asyāmrtam divi ) we have the 
fractions 1/4 (pādah) and 3/4 (tri-pād). RV. 10.27.16 gives us the 
fraction 1/10; cf. dašānām ekam (= one out of ten). RV. 3.2.9 
gives 1/3; cf. tisro yahvasya samidhah tāsām ekām adadhuh ; also 


. RV. 10.5.6: sapta maryādāh...tāsām ekam . The idea of 'one' 


divided into *many' is conveyed by RV. 10.114.5: ekam santam 
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bahudhā kalpayanti. RV. 4.35 and 4.36 elaborate the idea of ‘one 
camasa’ divided into ‘four’ (caturdha or caturvayam) pats. The 
word purudhā (= divided into many or many ways) is also used as a 
synonym of bahudhā. 


In non-numerical context, we see the word bhāga and bhaj is 
mostly used; cf. RV. 3.49.4: vibhaktā bhāgam; RV. 1.123.3: bhāgam 
vibhajāsi. RV. 5.44.12 states the division of a group (gana); cf. 
ganam bhajate. Agni and Savitr are said to be the vibhaktri.e. 'one 
who divides, distributes, separates or analyses' and we have phrases 
like dhanarh vibhaktā, rāyo vibhaktā, vasvo vibhakti, ratnam 
vibhaktā in the Rgveda, which all mean ‘distributor of wealth’. We 
have also the idea of 'distributing' the abstract things like vāja 
(strength, RV. 6.36.1 etc.), $ravas (fame, RV. 7.18.24 etc.) and 
$ramasya dāya (the part of labour ie. remuneration), RV. 
10.114.10). 


We can see from all the above references to the process of 
division and to fractions, that the Vedic people knew these 
operations. They also knew, as we have seen before, the forming of 
groups or sets and counting them again. 


17 


Squares, Square-roots, 
Cubes and Cube-roots 


So far as the reference to the concepts and processes of the 
mathematical operations of squares and square-roots, and cubes 
and cube-roots are concerned, we do not get any direct reference 
to them, nor do we get any technical term used to indicate them. 
There are absolutely no references to the operation of square- 
roots, cubes and cube-roots. The only reference pertaining to the 
formation of squares is again indirect and is not from the 
numerical context; it is from ritual context. Though it is so, 
interpreted from the point of view of forming squares, it gives us 
an easy method of forming squares. There are two references to 
the same numbers; and they are VS. 14.28-31 and VS. 18.24. They 
read as follows: 


VS.14 28-31: 


ekayā astuvata... tisrbhih... paficabhih... saptabhih.. (28)... 
navabhih,.. ekādašabhih ... trayoda-Sabhih... paücadafabhih... 
saptadaSabhih (29)... navadaSabhih...  ekavirhšatyā... | trayo- 
virhšatyā... paticavimšatyā... saptavirhSatya (30)... nava-virh$atyā... 
ekatrimšatā trayastrirhšatā (31). 
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VS. 18.24. 


eka ca me tisra$ ca me, ti$ra$ ca me parica ca me, pafica ca me 
sapta ca me, sapta ca me Nava ca me, nava ca me ekādaša ca me, 
ekādaša ca me trayodaša ca me, trayodaša ca me paficadaSa ca 
me, parīcadaša ca me saptadaša ca me, saptadaša ca me 
navadaša ca me, navadaša ca me ekavirn$ati$ ca me, ekavirhšatis 
ca me trayovirhšati$ ca me , trayovirh$ati$ ca me paficavirhšatīs ca 
me, paficavirhSati$ ca me saptavirhšatis ca me, saptavirhSatis ca 
me navavirhšatis ca me, navavirhšatis ca me ekatnmSat ca me, 
ekatrirhšat ca me trayastrim$at ca me... 


If we compare both the above passages, we find a striking 
similarity. Barring the differences of the caseendings of the 
number-words, numerically speaking, both the passages are not 
only similar but identical. Both of them note the odd numbers 
only. Both of them note the same numbers. And both of them start 
from number 1 and go only upto the odd number 33, What do 
these passages drive us to conclude mathematically? To get the 
answer, we write the number-words in modern number-symbols. 
The verses contain the following odd numbers: 


1; 3; 5, 7, 9; 11, 18, 15, 17, 19, 21, 23, 25, 27, 29, 31 and 33. 


Out of the two passages, the passage VS. 18.24 helps us to read 
between the lines mathematically. What the passage VS. 18.24 
contains is especially the word ca ‘and’, which as we have seen 
before, points to the mathematical operation of addition. 
Moreover, the passage VS. 18.24 contains the repeuton of the odd 
numbers 3 to 31. Combining these two clues, we go on adding the 
numbers-first, the first two numbers, then the first three numbers 
and so on. We write the additions separately to bring out the 
conclusions clearly. The picture that emerges isas follows: 


(1+0 = 1) 
143-24 
14345 -9 
1434547 = 16 
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143454749 = 25 
143454749411 = 36 
1+3+5+7+9+11+13 = 49 
1+3+5+7+9+11+13+15 = 64 
1+3+5+7+9+11+13+15+17 = 81 


1+3+5+7+9+11+13+15+17+19 = 100 and so on upto 1+3+...+33 
which gives us the total as 289, which is = 17*; 17 is the number of 
odd terms from 1 to 33. 


If now we look at the right-hand-side results of the additions, we 
find that they are all squares of the numbers from 2 to 17. We do 
not for certain know what the rc is aiming at or implies; yet, read 
mathematically, the verse certainly gives out the procedure for 
finding out the squares of the numbers from 1 onwards. 


The general rule which can be spelled out for finding the 
squares of the numbers may be stated as follows: 


Add the odd numbers beginning from 1 in groups of two, three, 
four etc. and we get the squares of the number of odd numbers 
added together. Thus, if we add the first two odd numbers viz. 1 
and 3, we get the square of two; if we add the first three odd 


numbers, viz. 1, 3 and 5, we get the square of the number three 
and so on. 


Symbolically, if (x), (x2). s. (x+4) .,...is the series, in which x, 
x+2, x+4 etc. are the odd numbers and n indicates the number of 
the terms, the general formula for finding out the squares of the 
numbers beginning from 1 can be spelled out as: 


(x) ,,*(x*2) gt (x*4) .,...+(xt4n) „= m 


Such may be process laid down by VS. 14.28 — 31 and VS. 18.24 
for finding out the squares of the numbers from 1 onwards.” 


Besides this, we do not get any reference to the concept or 
procedure of finding out squares of positive integers. 
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The square-roots, cubes and cube-roots are absolutely nowhere 
mentioned, either explicitly or implicitly, in any of the nine Vedic 
Sarnhitās taken here for study. 


18 


Arithmetic and Geometric 
Progression 


The Veda states certain series which in modern mathematical 
terminology can be termed as the ‘arithmetic progression’ and 
‘the geometric progression’. 


18.1 Arithmetic progression 


Arithmetic progression is defined as “ sequence of numbers in 
which each number is larger (or smaller) than the number that 
precedes it by a constant amount. The increase (or decrease) is 
called the common difference. Examples: 1, 3, 5, 7, 9...(in which 
the common difference is 2); 25, 22, 19, 16...(in which the 
common difference is -3). If the terms of the progression are in an 
increasing order, the common difference is positive; if decreasing, 
negative. The last term of an arithmetic progression is given by the 
formula 


1=a+(nl) d, 


where 1 = last term, a = first term, n = number of term in the 
series and d - common difference... 
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The first known discussion of arithmetic progression occurs in 
the Egyptian Ahmes Papyrus (c. 1550 B.C.)....A rule for finding 
the sum of an arithmetic series was developed around 510 AD. by 
the Hindu mathematician Aryabhata (the Elder)”. 


It may, however, be noted that the Egyptian Ahmes Papyrus is 
not the first to mention and discuss the arithmetic progression. 


The passages from RV. VS. and AV. quoted before may be cited 
as the best examples of the concept of arithmetic progression in 
Vedic times. 


RV. 2.18.4 and 2.18.5 give us the arithmatic progression in the 
enumeration from, first 2 to 10 and then from 10 to 100. We have 
thus the following two series of arithmetic progression from the 
RV.: 


2, 4, 6, 8 and 10...I, and then 
10, 20, 30, 40, 50, 60, 70, 80, 90 and 100...II. 


The difference between any two consecutive number-members 
in series I is 2 and in series II is 10. 


AV. 5.10.1-11 gives us the following series of arithmetic 
progression: 


11, 22, 33, 44, 55, 66, 77, 88, 99 and 110. 


The difference between any two consecutive numbers in the 
series is constant i.e. 11. 


VS. 18.24 gives us the following series of arithmetic progression: 


1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21, 23, 25, 27, 29, 31 and 33. 
The difference between any two consecutive numbers is 2. 


VS. 18.25 states the following series of arithmetic progression: 
4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44 and 48. 
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The difference between any two consecutive numbers is 4. 


All these series are in the ascending order, the succeeding 
number being greater than the preceding one. 


AV. 19.47.3 gives the following series: 
99, 88, 77, 66, 55, 44, 33, 22 and 11. 


The difference between any two consecutive numbers is 
constant i.e. -11. This series is in the descending order, the 
succeeding number being less than the preceding one. 


It should also be borne in mind that though the ascending 
series given here are stated to a finite limit, being given the 
difference between two consecutive numbers, they have the 
potentiality of being expanded to infinity. There can thus be 
infinite number of infinite series of arithmetic progression. Such 
potentiality also exists in the descending series also. 


The series of natural numbers viz. 1, 2, 3, 4...etc., as we have said 
earlier is also in arithmetic progression, with the difference of 1 
between any two consecutive members. 


All the above series of arithmetic progression give us the 
general formula- 


x, X*d, x+2d, x+3d...+x+nd...ad infinitum. 


The TS. 7.2.11-19 provides many examples of arithmetic 
progression. They are given in the following: 


Examples from TS.: 


The following passages from TS. 7.2.11-20 are especially notable 
for the arithmetic progression. The passages are quoted in full for 
ready reference: 


TS.7.2.11: ekasmai svāha, dvābhyām svāhā, tribhyah svāhā, 
caturbhyah svāhā, paficabhyah svāhā, sadbhyah svāhā, 
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saptabhyah svāha, astabhyah svāha, navabhyah svāhā, dasabhyah 
svāhā, ekadaSabhyah svāhā, dvadaSabhyah svāhā, trayodaSabhyah 
svāhā,  caturdafabhyah svāhā,  paiīcadasabhyah svāhā, 
sodaSabhyah svāhā, saptadaSabhyah svāhā, astādašabhyah svāhā, 
ekānnavimšatyai svāhā,... 


Upto here i.e. 19, for which TS uses the word ekannavimsati 
(i.e. 20-1), the numbers are serially arranged; then suddenly TS 
jumps to the numbers 29, 39, 49, 59, 69, 79, 89 and 99, because 
once the method of building up the series is given, the rest of the 
numbers are to be automatically built up and named on those 
lines. To explain, once the numbers from 11 to 19 are to be named 
as ekādaša, dvādaša etc., it is needless to lay down explicitly the 
numbers from 20 onwards as eka-virhšati, dvāvimšati etc., simply 
because these later numbers are also to be formed on the pattern 
of addition of eka, dvā etc. with vīrhšati. Hence the jump from 19 
to 29 in the following: 


navavīrhšatyai svāhā, ekānnacatvārimšāte svāhā, 
navacatvarimSate svāhā, ekānnasastyai svāhā, navasastyai svāhā, 
ekānnāšītyai svāhā, navaSityai svāhā, ekānnafatāja svāhā, Sataya 
svāhā,... then suddenly the jump is to 200 as dvābhyām Sataya 
svāhā. It is to noted that the ninth number in each series is 
alternately given with ekānna- and nava-; thus, 


19 = ekānnavirhšati (=20-1, back-counting) 

29 = navavirh$ati (2049, forward counting) 

39 = ekānnacatvārirhšat (40-1, backward counting) 
49 = navacatvārirhšat (4949, forward counting) 

59 = ekānnasasti (60-1, backward counting) 

69 = navasasti (6049, forward counting) 

79 = ekānnāšīti (80-1, backward counting) 

89 = navāšīti (89+9, forward counting) 

99 = ekānnašata (100-1, backward counting) 
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The purpose behind alternatively mentioning the names of the 
ninth number in each series of tens seems to be to acguaint the 
students with both the methods of counting viz. forward counting 
and backward counting. 


The sudden leap from 100 to 200 seems to suggest that the 
numbers between 100 to 200 are to be formed according to 
pattern already stated in the previous lines. This is an instance of 
arithmetic progression. 


TS.7.2.12: ekasmai svāhā,  tribhyah..., pancabhyah..., 
saptabhyah..., navabhyah..., ekadaSabhyah..., trayodasabhyah..., 
panicadasabhyah..., saptadaSabhyah..., ekānnāvimšatyai... 


From here the jump is to 29. 


navavirhšatyai...  ekānnacatvārirhšate...  navacatvārirhšate..., 
ekānnasastyai.., navasastyai.., ekānnāšītyai.., navāšītyai..., 
ekānnašatāya... Satāya svaha. 


The alternate backward and forward counting is notable; the 
numbers 1, 3, 5..., which are all odd numbers,” represent, as we 
have seen before, a series of arithmetic progression, with a 
difference of +2 between any two consecutive numbers. Besides as 
in the case of the passage from VS. 18.24, they help us to find out 
the sguares of the numbers from 1 to any limit. 


TS.7.2.13: notes the even numbers: 


dvābhyām svāhā..., caturbhyah..., sadbhyah..., astabhyah..., 
daSabhyah..., dvadaSabhyah..., ` caturdaSabhyah..., 
sodasabhyah..., astadaSabhyah..., vithSatyai svāhā... 


Then suddenly the author leaps to 98 and 100...astānavatyai 
svāhā Sataya svāhā. The numbers after 100 are left to the 
imagination of the students, since, given the method of adding 2 
to the preceding number, the rest of the numbers after 100 could 
be easily found out. 
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This represents a series of arithmetic progression and of the 
multiples of 2. 


TS.7.2.14 is a repetition of TS.7.2.12 above, with the omission of 
the first term, ekasmai svāhā; it starts with tribhyah svāhā and 
ends with ekānnašatāya svāha so far as the series of arithmetic 
progression is concerned. The last Satāya svāhā introduces the first 
word of the next series and rank. 


TS.7.2.15 states the technique of finding out (i) the multiples of 
4 by the addition of 4 to each preceding number and (ii) by the 
addition of two previous odd numbers (like 1+3 = 4; 3+5 = 8; 5+7 = 
12 etc.) given in TS. 7.2.12. It thus repeats the technique stated by 
VS. 18.25 discussed before. The passage is as follows: 


caturbhyah svāhā, astabhyah..., dvādašabhyaļ..., 
sodaSabhyah..., virhšatyai.., and then a sudden jump to 96 as 
sannavatyai svāhā, Sataya svāhā. 


This is a series of arithmetic progression with a diflerence of +4. 


TS.7.2.16 gives (i) the multiples of 5 and (ii) the series of 
arithmetic progression with a difference of +5. 


 pafcabhyah svāhā, da$abhyah.., panīcadaša-bhyaļ..., 
virhšatyai svāhā and then suddenly jumping to 95, paficanavatyai 
svāha, Sataya svāhā. 


TS.7.2.17 gives (i) the multiples of 10 and (ii) the series of 
arithmetic progression with a difference of +10. Thuswe have, 


dasabhyah svaha, virhSatyai..., trirh$ate.., catvarirhSate..., 
paücásate.., sastyai..., saptatyai..., aSityai..., navatjai.., Satāya 
svāhā. 


TS.7.2.18 mentions (i) the multiples of 20 and (ii) the 
arithmetic progression with a difference of 20. It runs as follows: 


virhšatyai svāhā, catvārirhšate..., sagtyai.., asityal..., Satāya 
svāhā. 
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T$.72.19 gives a peculiar series which cannot be called either 
arithmetic progression or geometric progression, but is a strange 
combination of both. It is as follows: 


paficaSate svāhā..., Sataya..., dvābhyam Satabhyam..., tribhyah 
Satebhyah... caturbhyah Satebhyah..., paficabhyah Satebhyah..., 
sadbhyah Satebhyah.., saptabhyah Satebhyah..., astābhyah 
Satebhyah..., navabhyah Satebhyah..., sahasraya svāhā. 


Translated into number-symbols, the series is: 50, 100, 200, 300, 
400, 500, 600, 700, 800, 900, 1000. 


Excluding the first number 50, the series is a regular arithmetic 
progression series with a difference of 100. Thus, 100, 200......1000. 


If we include the initial number 50, the series can be re-written 
in different form such as- 


50=50x1 

100=50x 2 

200 = 50 x (2x2) 

300 = 50x (2x3) 

400 = 50 x (2x4) 

500 = 50 x (2x5) 

600 = 50 x (2x6) 

700 = 50 x (2x7) 

800 = 50 x (2x8) 

900 = 50 x (2x9) 

and 1000 = 50 x (2x10) 

This gives us that the series is enumerating the product of 50 
with numbers 2 and its multiples. In spite of different 


transformations of the series, the series does not give us a 
consistent formula in which it can be fitted. If we omit the number 
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50, we obtain a regular formula. We do not know the propriety or 
purpose of the inclusion of the number 50 in the beginning. 


We can also interpret the series from an altogether different 
point of view, which may be called a geometrical interpretation. 
We write the number 50 as a sum of two squares. There are again 
two possibilities. 50 = 7*+1* or 50 = 5*+5*. If, suppose, we take the 
numbers 7 and 1, or 5 and 5 as the length of the two sides viz. a 
and b of a right-angled triangle with the hypotenuse c, the number 
50 gives us the square of the hypotenuse c; 


50= ch 

and we have the eguation, 

a*+b? = c (by the Sulba-sütra or Pythagoras theorem) 
When translated into number, the eguation is: 
(72+1*) or (57+5*) = 50 


The length of the hypotenuse, therefore, will be equal to V50. 
This gives the value of V50 which otherwise is difficult to obtain by 
ordinary procedure of finding out square roots. 


Coming to the series proper, we re-write the series as: 
50 = (7*«1?) or (5*5?) 

100 = 2 (72+1*) or 2 (5*«5?) 

200 = 4 (72+1*) or 4 (52+5*) 

300 = 6 (72+1*) or 6 (5*+5*) 

400 = 8 (72+1*) or 8 (5*5?) 

500 = 10 (7*1?) or 10 (5*5?) 

600 = 12 (72+1*) or 12 (51457) 

700 = 14 (72+1*) or 14 (5*+5*) 

800 = 16 (72+12) or 16 (52+5*) 
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900 = 18 (7+1?) or 18 (5*+5*) 
and 1000 = 20 (72+1*) or 20 (5*+5*) and so on. 


If we put a for any of the right hand side expressions viz. either 
(7*1?) or (5*45*), the picture of the series that we get is as follows: 


50=la 
100 = 2a 
200 = 4a 
300 = 6a 
400 = 8a 
500 = 10a 
600 = 12a 
700 = 14a 
800 = 16a 
900 = 18a 
and 1000 = 202 


This series, excluding the first expression (viz. 50 = 1a), turns 
out to be a series of arithmetic progression with a difference of 2. 


The purpose of the series seems to be to guide to get the square- 
root values, in terms of a concrete length, of the awkward numbers 
like 200, 300, 500, 600, 700, 800 and 1000 whose square root 
cannot be easily found out. 


It is to be noted that the equation 50 = 5*+5* gives us an isosceles 
right-angled triangle. 


Still the purpose behind stating this odd series is not clear; it 
may have been stated for geometrical purposes. 


The theorem a*«b* = c*, where a and b are the sides of a right- 
angled triangle and c is the hypotenuse is known as of Pythagoras. 
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A.K. Bag (ibid. p. 123, 165), however states that it was already 
enunciated by the Sulbasūtrakāra named Baudhāyana (c. 600 
B.C.). 


18.2. Geometric Progression 


Geometric progression is defined as “A series of numbers in 
which each, after the first, is the product of the preceding number 
and a fixed number, called the common ratio . 


Examples: 1, 2, 4, 8, 16, 32, 64..... (common ratio = 2); 1, 3, 9, 27, 
81, 243...(common ratio - 3). 


The nth term of a geometric progresion is given by the formula 
1= ar”! 


where ! = nth term, a = first term, r= common ratio, n = number 
of terms in the series (upto and including the nth term)”.* 


There is only one, solitary example in the whole of the Vedic 
literature of the series of geometric progression and it is the verse 
VS.17.2 which is repeated in part in TS.4.4.11.4 and KS. 17.10. The 
verse is guoted before. The verse in guestion guotes the following 
numbers: 


eka=1 = 10% 
daša = 10 = 10! 
$ata = 100 = 1 
sahasra = 1000 = 10* 
ayuta = 10,000 =10* 
niyuta = 100,000 = 10° 
prayuta = 1000,000 = 10° 
arbuda = 10,000,000 = 10’ 


ny-arbuda = 100,000,000 = 10° 
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samudra = 1000,000,000 = 10° 
madhya = 10,000,000,000 = 10" 
anta = 100,000,000,000 =10" 
parardha = 1000,000,000,000 = 10" 


We will find that any pair of two consecutive members in this 
series constantly maintains the ratio of 10. Thus, in the case of the 
first two members, 1 and 10, we have the ratio of 10:1; in the case 
of the next pair, viz. 10 and 100, we have the same ratio of 10:1 and 
so on. This series also has the potentiality of being infinitely 
expanded to infinity. 


Even if differently interpreted as it can be in the following way, 
the series has still the status of one in geometric progression. It is 
in the following way: 

eka ca...da$a ca =1+10=11 

daša ca Satam ca =10+100 = 110 

Satam ca sahasram ca = 100+1000 = 1100 

sahasram ca ayutam ca = 1000+10,000 = 11,000 

ayutam ca niyutam ca = 10,000+100,000 = 1,10,000 

niyutam ca prayutam ca = 100,000+1000,000 = 1,100,000 

prayutam ca arbudam ca = 1000,000+10,000,000 = 11,1000,000 

arbudam ca ny-arbudam ca = 10,000,000+100,000,000 

= 110,000,000 

nyarbudam ca samudraš ca = 100,000,000+1,000,000,000 = 

1,100,000,000. 

samudra$ ca madhyam ca = 1,000,000,000+10,000,000,000 = 

1,1000,000,000 

madhyam ca anta$ ca = 10,000,000,000+100,000,000,000 = 

110,000,000,000. 
anta$ ca parárdha$ ca = 100,000,000,000+1,000,000,000,000 = 
1,100,000,000,000. 
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The particle ca signifies addition. In each of the pair of two 
consecutive numbers in the above series there is the constant ratio 
of 10:1, and hence the series is in geometric progression. It is also 
to be noted that this series also provides an example of infinite 
series. 


All the above series satisfy the general formula of geometric 
progrossion, viz. 


x,x*,x',x'...x"...ad infinutum. 
The same series of geometric progression is given in TS.7.2.20. 


An interesting point may be noted in this connection. The 
verses from VS.18.24 and 25 end with, what we may call as a kind of 
refrain phrase viz. yajfiena kalpantam. This phrase is used at the 
end of all the verses from the adhyaya VS.18, which is popularly 
known among the circles of Vedic reciters as camakidhyáya, since 
it contains the words ca and me at every step. 


The passages from TS.7.2.11-20 contain at the end the phrase 
sarvasmai svaha. 


Apart from the literal meaning of the two phrases, viz. ‘Let it 
result by yajūa (for yajūena kalpantām)' and 'svāhā to all (for 
sarvasmai svāhā ),' the real meaning hidden in the phrases seems 
to be technical, viz. ‘and in this way proceed ad infinitum’ or ‘and 
so on’ or ‘etcetera’, as we may use in modern works. To use such 
apparently meaningless refrain phrases to show the way to further 
mathematical facts or results seems to be one of the many devices 
in Vedic times. Such phrases also imply that the previous examples 
or series or enumeration are based on certain mathematical 
principles or methods, and also that the students are, or should be, 
fully acquainted with them and should proceed on the lines 
indicated or implied in them. The practice of the Vedic theorists is 
to illustrate the mathematical method by giving examples upto the 
nth term and then say ‘yajfiena kalpantàm ' or ‘sarvasmai svāhā ' or 
some such like. A collection and study of all such technical terms 
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and devices is worth-pursuing. Such terms discard the word- 
meanings and adopt a purely technical meaning. Unfortunately, 
we do not find such terms clearly defined in any of the Vedic texts 
or in the commentaries thereon. The possible reason seems to be 
that such technical terms might have become so well-known and 
current in the times that it was found not necessary to define them; 
their meaning must have been very clear to them. This line of 
reasoning pre-supposes a long pre-Vedic tradition in the field,-so 
old that even Vedas might look modern in comparison with that. 
There must have been a long guru-Sisya-parampara (teacher-pupil- 
tradition) in which such interpretational principles were 
transmitted through oral tradition and hence were not included in 
the texts. The tradition being oral, the task of explaining the 
different interpretational and mathematical principles and devices 
of mathematical operations was left to the teacher or guru. 


19 


Zero 


The concept of zero in mathematics by the Vedic mathematicians 
is one of the marvellous invention which has very few parallels in 
the history of other sciences. The introduction of zero in the place- 
notation has changed the whole course of mathematics in the 
later, post-Vedic times. It has enabled man to build up a number- 
system which can be extended to any limit, even upto infinity. This 
number-system based on the device of zero enabled him to 
measure and count infinitely. With the invention of zero, 
mathematics entered into a new phase and became the most 
important tool in the hands of man by which he succeeded to 
measure, compute, count and cover up the whole realm of 
knowledge where compupation is necessary. 


In mathematics the concept of zero is used mainly in two ways:*” 
(i) as a number as in 0, 1, 2, 3 ...etc. and (ii) as a value of a variable. 
As a number, with which we are mainly concerned here it is again 
of two types: (i) it is “an immediate predecessor" of the positive 
number 1. This zero is the lowest limit of the positive numbers and 
the highest limit of the negative number -1, -2, -3, etc. (ii) as a 
marker of an empty place in numbers like 10, 20, 30 etc. 
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This zero, as a number, is a concept and is totally different from 
the symbol 0 which is used to indicate an empty, un-occupied 
place in numbers like 10, 20, 105, 3047 etc. The zero as a marker 
of an empty space is only a substitute for a vacuum in place- 
notation. One zero marks one vacant place, two zeroes mark two 
vacant places, three zeroes marks three vacant places and so on. 
Thus in 10, we have one vacant place; in 100 we have two and so 
on. Basically, therefore, the two types of zeroes function 
differently. The number zero in the series 0, 1, 2, 3 etc. does not 
requires a place-notation; the symbol zero in 10, 20 etc. requires 
the place-notation. It cannot be comprehended without the place- 
notation. The former is a real number; the latter is a symbol. 
Actually the two should have been written with different symbols. 
The former zero as a number preceding one is obtained by the 
process of subtraction, as 1-1, or more generally, x-x The latter 
zero as a symbol of an empty space cannot be obtained by the 
process of subtraction. Or is it also obtained by subtraction? But 
then what is that number from which it is subtracted? We will 
discuss all these problems later on. 


Be it as it is, we can classify the zero in the following way: 
Zero 


used in numbers as a value ofa variable 


pure number preceding one as a sign of avacant place 


The system of the notation of numbers in terms of their place- 
value in the decimal number-system has proved so convenient, 
consistent and useful that it has thrown all other number-systems 
not only into back-ground but in total oblivion. 


19.1. Zero and $ünya 


Since the two types of mathematical zero are functionally 
different, we should prefer to call them by different terms. We call 


the first type of zero, which, as a number, precedes +1 and 
succeeds—1 by the term ‘zero’ itself. We prefer to call the other 
type of zero which, as an indicator of an un-occupied place in, say, 
10, means ‘void, nothingness’ etc. by the term Sanya. It must be 
remembered, however, that though ‘zero’ and '$ūnya' are two 
independent words from two different languages viz. English and 
Sanskrit, they both linguistically mean the same thing, viz. ‘void, 
vacant, nothingness, absence’ etc. Not only this, but, as we shall see 
later on, the English word ‘zero’ is philologically derived from the 
Sanskrit word '$ünya' Robert W. Marks* rightly maintains this 
disünction and defines the two words separately. Yet, since both 
are symbols, it is not necessary to follow the distinction between 
Sünya and zero so strictly. For our present study, therefore, $ünya 
7 zero. 


19.2. Zero in other sciences 


Before we attempt to explain why and how the digital place in 
the number 10 falls vacant and how it is occupied-or rather seems 
to be occupied-by the symbol zero, it is useful we try to search out 
similar phenomenon, if any, in other sciences-other than 
mathematics. If we find such a phenomenon in any other science, 
we have a lot of ground and scope to compare the two and come to 
certain conclusions which may throw light on the principles and 
techniques of the Vedic science of mathematics. 


We have seen above that the zero in 10 can be termed as Sünya, 
as against the other 'zero'. This immediately suggests the likely 
Indian sciences which may provide us the possibility of comparison 
so far as the concept of 'void, nothingness, absence' etc. is 
concerned. And these sciences are only three, viz. the buddhistic 
philosophy or bauddha darsana which propounds the theory of 
Sūnyavāda; the science of Indian Logic or Nyāya daršana or 
rather, Nyaya-VaiSesika dar$ana and the science of Indian 
grammar or Vydkarana šāstra whose greatest master is Panini. The 
'vacuum or void' in Buddhistic philosophby is called Sünya. The 
‘vacuum or void” in Nyāya-philosophy is called ‘abhava’ (=a+bhava 
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= nottexiststence = non-existence or absence) i.e. ‘negation’. And 
the vacant place in Panini’s grammar is signified by the terra ‘lopa’ 
(lit-elision, non-appearance). 


We will examine one by one the different view-points of these 
three sciences which have considered the vacuum or zero in their 
own way. 


19.2.1. The Buddhistic Sinya 


Let us start with the philosophical „concept of Sünyaváda, 
‘doctrine of nihilism’ as S. Radhakrshnan calls it" expounded by 
Buddhism. Whether Gautar: Buddha wrote anything about 
fünyaváda philosophy which is said to be authored by him, or 
not-we do not know. But, as the tradition goes, he did not write 
anything. What he did was to preach orally whatever doctrines he 
cherished; and that too, not in Sanskrit but, in Pili anguage which 
was the spoken language of the masses in those times. We, 
therefore, have no choice but to search the Pāli literature to find 
out the tenets of the Sūnyavāda-philosophy. 


The only Pali text which is available for the exposition of 
fünyavada is Milindapafthapali. " 


Another text which is in Sanskrit and which expounds and 
elaborates the doctrine of šūnyavāda is by Nāgarjuna;”* its title is 
Madhyamakašāstra which tries to give a strong logical and 
philosophical foundation to the whole theory. 


The exposition and the discussion of Siinyavada which is given 
here is based upon these two books. 


19.2.1.1. Milindapaūhapāli 


As the title indicates, (which literally means "the series of 
questions of King Milinda’), the book is written in the form of 
questions and answers between King Milinda and Nagasena. 
Milinda is generally identified with the Greek king Menander who 
was the ruler of Ghazni and adjoining areas of Kabul valley.” 
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Historically both King Milinda and Nagasena are placed in the first 
century“ B.C. King Milinda puts the questions and Nagasena 
answers them. The text which is traditionally supposed to be the 
basis of later Sünyaváda-philosophy forms the beginnin of 
Ch.2 of Milindapafiha, called Mahāvaggo with the acidi 1 


entitled as Rathūpamāya Puggalavimarhsan 
am. i 
below for ready reference.” i ik 


t. su wp fafered rem aan APR Weng 

STREP mae 
mA MM. EEIE iE ARI 
are up APR Yeates fafrwew wat fet SĒRU 


wu @ fafrdp un smaerd crEHRD usmara—ted wet mf 
arn, aa" fr? "mit fa wp snb creme, ema) “APR Ret c 
RA, Wend wera: ah «arent art cüfa—^mWr fi ar 
"ger fe at der far diegā ft ari aft cw owl AER, WW 
wren Fat TER SAMA uf APY Wi a tea quer seer” fu 


em wp fefe co vam R À, sdb omen chee, anfüfnmeer 
MAE E S EE SE ES 
mia fr? aa wp fet xrer amet at ARA, wed 
M ERI SME. E SE NE NE C m 
VATP PTA 
aRt R £O a det weit? at 
bear ui rijās a 
? a erg Prearat at? cep uer wt? at mt Rafi? mi 
KORA wf wen fw geet, aa spect, cf AREA! 
Far UT a SR a, ae yg set ot fret wa, wa 
AER, Ut Pe AR, ae cen TOMĒR! Gers A, we ama, afa 
START, «fe uvm, ate orem A frr, ERIS, wagrent 
wert fd a af, saat uen area’ 2 


"feq wn wea Far ar f) “a, FETT WI “aT APTA 
fr? “aR, erem fei 
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aa. FA. TH. AA. FER. S. sefofnel. E. R... umi... 
aed. dL. Ad. sep. FM... del. RRE.. wen. uds wem 
"ew ari” fa? “a f$, euer fil “fry cw wa, ced wen 
fr? “a f, nem f eap RR” fao a fe exer fni wes 
wer fo Us fü, AEK fu "war emen f) s fü, AEK” 
fui “Peart mme" RA? “a % ART fil UE ou, Ad, 
ĀRA RAM! are” fr? “aR Gen fil "fa, Fa, 
scam STAIR cae APT” R? “a R ART fu “aE, 
FA, Part year a wei RT I STM! 3a qw FR, APR” 
f “a ft, NA fe "I E M EM R, TT 
eed, aa ARĪ” fa? 


sw wp ospren amet fed cot de" Wf, EKS, 
Rega SPORT wes d, ems, wearer wr ufa 
uu afe wa aT ART TARARE Tet VO, m 
Senf fet exu. quee eta sumi Rel o St 
STR, veg TART Rl cm wd RT cep ameet 
f 


eq c FER, WHER, TEA smi felt seran der TU” 
f? "a Row n Ra Uem pun fI? eq fewer fua "ma dr 
f? "a %, wer Ru tent on fü? “a f, aer fu Teves Tt” 
fo af, cem Ru "gt ir fI? eq fe, uer Ru "ft cin fa? 
ea fe wen fa desig cu" fü? “a %, ae” fil “Pry cl, FERS, 
Sat a AS ARS - AP - ea cun fo ^" f ww f 
"fk Wa, AGRIS, sco ŠARM S ZR wur fü € 
R, we Ri «qué, FER Fat aÀ a sen och À da d 
A, IE, cn fo a A R vat ea vd aft vd, WERT, 
ref pee, afer xut TI, TERIS ERP SUIS) AA Wd cd 
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weet yaad wee? wry ch wet yore drew, SĀRA ow 
frg; sd füfedp xrer vaum—'cené SMK fu wa cd, WERTS, 
ww, cb X ane fa qt wet cd or wrt ced g a 
miae fr? ud qd yore EBD sme area IB ca 
tre wert GAMMA St cd, AER, UH wee fu 


aa up ARA i SAP ARĪ GARM", Ced, APRA, Wat 
won| dé cw ows, wer oc. wees, wet cw USA, wast cw 
qa ‘car fa ag arom wes alert esr wawdr fi 


“ag @ cd, CERIS, T went! waa ch ER cuk fW šā ow 
wees, AA cw Wea at cw Viva, dad cw dees, wed ow 
wera, Wak cw va, foot cw yews, "ART fa app west Toot 
"ERI art War; wed ue yet querer) cred We, AGRIS, 
afr freghar Arga? Arga 


"wer f$ srgpeewRr wu wer TH «fri 
gd way, weg ae at f aah” Ri 


“TSR, AA aA, cred wet camen afer wegdfcarenfi 
faafornft) af gat Reda weet Raag ay, area, afafrent 
were Passat” fei 


The Buddhistic philosophy regarding Siinyavada as expounded 
in the above passage may be summed up in nutshell as follows: 


If we see a thing, we perceive that the thing is made of parts. 
Take, for example, the chariot, which is Nagasena’s example. The 
chariot is made up of the seat, the covering canopy, the wheels, the 
yoke etc. None of these parts can be pinned down as ‘the chariot’. 
If we take away all the parts, no such thing as a chariot remains. In 
other words, the chariot is born or made up from nothing; the 
wheels, the yoke etc. are all its parts and not the chariot. The 
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chariot, to be a chariot, requires all these parts; these parts in turn 
require some agent to assemble them together into the form ofa 
chariot. The agent again requires some other instruments like the 
wood which again comes from tree, the sharpening instruments, 
the axe etc. This all means that neither the chariot nor its making 
is independently done; it requires the means and the help from 
outside. It by itself cannot be its own cause of creation. The 
universe also in the same way cannot be created by any individual 
or single entity. And if we exclude all these causeswhich are said to 
be instremental in creating the universe, what we get at the end or 
basis is ‘nothingness’ and not-a positive entity. The philosophy 
thus comes to the conclusion that there is nothing at the root of 
this universe which can be pointed out to be the single, basic 
principle or cause. There is total vaccum or Sanya. 


Represented in equational form, the whole process of 
argumentation and explanation will look like the following: 


chariot = the seat+the covering canopy+the yoke+the wheels etc. 
putting symbols like x,y,z etc. we have, 
chariot = X+Y+Z+a...etC. 


If now we subtract one by one each part of the chariot, what we 
getis— 


chariot = (x+y+z+a...etc.) - (X+y+z+a..etC.) = 0 


That is to say, that the chariot is reduced t0 total zero if we 
subtract all its parts which make it. 


This type of Sanya in Buddhism is only comparable to the zero 
in mathematics which is obtained by subtracting | from 1 or more 
generally x-x and not the zero in the numbersymbol 10 which 
symbolizes an empty, un-occupied space. It is also to be noted that 
this Sūnya is available only by the process of subtraction. 
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Actually the passage quoted above is traditionally regarded as 
expounding what they call as anattāvāda (SK. anātmavāda) and 
not Siinyavada. anattāvāda means that there is no atta i.e. ātman, 
‘soul’ as such; everything is destructible and there is no such thing 
as indestructible atta. Yet, the passage given here serves as the basis 
for the later $ünyaváda developed by the mādhyamika school. The 
famous upanisadic phrase ‘neti neti’ (= not this, not this) finds its 
echo in the anattāvāda of Milindapanhapáli . 


Nāgārjuna is the next Buddhist philosopher to expound the 
philosophy of $ūnyavāda in better philosphical terms. The whole 
argument of Nāgārjuna can be briefly stated as follows: any 
creation requires the three causes, viz. kartā, karaņa and 
samavāyikāraņa. Thus in the creation of the ghafa, earthen pot, 
the three factors viz. the pot-maker, the earth (mrttikā) and the 
stick and the wheel are required. In other words, even though the 
pot-maker is said to be the kartā of the pot, he by himself is 
incapable of manufacturing the pot without the help of the 
relevant material viz. the earth, the stick, the wheel, water etc. His 
kartrtva is thus sapeksa i.e. relative to the other auxiliary material. 
Since what is sápeksa i.e. relative in theory and practice is not the 
truth and has no independent existence by itself (as in the case of 
the illustration of pot) so also in the case of the whole world, its 
original cause, by whatever name one may call it, brahman, I$vara, 
kāla, prakrti or paramāņu, is not independent in the sense that it 
has any power to create the world by itself and requires no help 
from outside of itself. This is what is called by pratitya samutpāda 
or bhāvānām nissvabhāvatva by Nāgārjuna. If this logic is correct, 
it leads us to the next conclusion viz. that there is no independent 
cause at the root of the whole creation; in other words, there 
cannot be any single, independent entity which can be cited as the 
root-cause of this vast creation. cf. Mādhyamakašātra , 17.31: yathā 
nirmitakam šāstā nirmimitarddhisampadā/nirmito nirmimi- 
tanyam sa ca nirmitakah punah// also 17.32: tathā 
nirmitakakarah kartā karma ca tatkrtam/tad yathā nirmitenānyo 
nirmito nimitas tathā// Nāgārjuna, therefore, says (cf:1.10): 
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anālambana eváyam san dharma upadi$yate/athānālambane 
dharme kuta ālambanam punah. 


Then Nagarjuna comes to the conclusion of $ūnyatā ‘zero-ness’ 
as  pratityasamutpáda; cf.  Madhyama-šastra. "^ yah 
pratityasamutpadah šūnyatām tām  pracaksmahe. The 
commentator Candrakirti explains the term pratītyasamutpāda 
as yo'yam  |pratitya-samutpádah hetupratyayanapeksyah 
ankuravijnānādi- pradurbhavah, sa svabhavena anutpadah. yašca 
svabhavena anutpādo bhāvānām sā Sinyata. He quotes from 
different texts; cf a quotation from Āryalanīkāvatāra: 
svabhāvānutpattim sarhdhāya mahāmate sarvadharmah Sinyah 
iti maya deSitah; cf. also one from the text entitled 
Dvyardhašatikā: $ünyáh sarvadharmáh nissvabhavayogena. No 
single independent entity possesses independently the power to 
create the world; everything in the world is devoid of such 
independent power. This is the nissvabhāvatva or naissvābhāvya of 
the entity. Such a state of being devoid of svabhāva is in fact what is 
meant by the term šūnyavāda in the system of the Madhyamika 
school. 


The whole argument clearly means that Nāgārjuna does not 
accept Sūnya in the sense of total ‘void or nothingness’ as the root- 
cause of the world, but his Sanya refers to the fact that there is no 
single, independent principle at the root of the creation, which by 
its inherent nature is omni-potent, omni-scient and omni-present. 
This is made very clear by the commentator Candrakīrti on the 
verses 14.11, 12, 13: abhāvārtham hi šūnyatārtham āropya 
prasanga udbhāvito bhavatā. na ca vayam abhāvārtham 
Sūnyatārtham vyācaksmahe, kim tarhi pratityasamutpidartham. 
This clearly refutes the idea of the $ünya as 'the total void, 
nothingness or absence’ - What the Siinyavada refers to seems to 
be svabháva-sünyatà, ‘incapacity by its inherent nature’ ofa single, 
independent principle to be the root-cause of the creation. 


The Sunyavada of the Mādhyamika school of Buddhism, 
however, is variously interpreted and understood or 
misunderstood.“® And, on the authority of Nagarjuna and his 
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commentators themselves, they interpret Sūnya to mean ‘a positive 
entity’. 


The fünya of the Sdnyavadi madhyamika school of Buddhism 
thus swings between total void and the positive entity. 


If, therefore, the SGnyavada does not mean and deal with Sanya 
in the sense of void, nothingness or absence (abhava), but means 
or refers to positive entity, it is of no use to us from mathematical 
point of view so far as its comparison with the mathematical zero is 
concerned. Even if we take Nāgārjuna's $ünya to mean void, in the 
philosophical sense or zero in the mathematial sense, it does not 
serve any purpose for us as mathematicians because the Sinyavada 
does not state anywhere any formal procedure, as in the 
mathematical technique, to arrive at the zero, or does not 
enunciate any positional analysis or notation, as in mathematics, 
which can account for the presence of an unoccupied or vacant 
place. 


19.2.2. The abhāvavāda of the Naiyāyikas 


There is yet another system of Indian philosophy, viz. Nyāya- 
astra, which treats the concept of zero. The zero in this system is 
called abhāva. abhāva, according to Šivāditya (c. 984 AD) is of four 
kinds: abhāvas tu prāgabhāva-pradhvamsābhāva-atyantābhāva- 
anyonyābhāvalaksaņah caturvidhah. * Annambhat{a in his 
Tarkasamgraha (ibid. p.62) defines the four types of abhāvas as 
follows:- 


19.2.2.1. prāg-abhāva: anádih sāntah pragabhavah . utpatteh 
pūrvam kāryasya. The prāg-abhāva is anādi, ‘without beginning’, 
yet sānta'has as end' and exists before the kārya (i.e. production of 
an effect). This is called ‘antecedent negation’. 


19.2.2.2. pradhvarhsābhāva: sādir anantah pradhvarhsah utpat- 
tyanantaram kāryasya. The pradhvarhsābhāva has a beginning but 
no end; and it refers to the time after the kārya i.e. production of 
the effect. It is called ‘consequent negation.’ 
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anālambana eváyam san dharma upadi$yate/athānālambane 
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19.2.2.3. atyantābhāva:  traikclikasarnsargávachinnapratiyo- 
gitakah atyantabhavah yathā bhūtale ghato nāsti iti. This is called 
an ‘absolute negation’. 


19.2.2.4. anyonyābhāva: tādātmyasarhbandhā vacchinnapra- 
tiyogitakah anyonyabhavah. yathā ghatah pato na bhavatiiti. This 
is called a ‘reciprocal negation.’ 


The first two types form one group of what may be called 'tran- 
sient negation'; and the other two form a group of what may be 
called ‘permanent negation’. 


The Nyāyamanjarī (Prathamāhnika) defines the abhāva as fol- 
lows : na hi nihSesasamarthyarahittattvam abhāvalaksaņam, api 
tu nāstīti jūānagamyatvam. satpratyayagamyo hi bhava isyate, 
asatpratyaya-gamyas tu abhava iti. The Siddhanta Candrodaya, a 
commentary on Tarkasarhgraha by Srikrsna Dhürjati says: pratiyo- 
gijūānādhīnatvam abhavattvam. The Siddhānta Muktāvali of 
Vi$vanàtha Paficanana explains abhāva as: drvyādiga- 
tkānyonyābhāvatvam. The Sarvadaršana-sarhgraha in its exposi- 
tion of Nyāya - theory states the following definition of abhāva : 
asamavāyatve saty asamaváyitvam. All these definitions, however, 
are not absolute definitions of abhāva and are framed in relation 
to bhāva; or existence. All these definitions of abhāva in Nyāya 
also donot serve our purpose of comparison, first, because they are 
all relative to bhava, secondly like the mādhyamika fünyaváda , 
donot lay down any formal procedure to arrive at abhāva. Thirdly, 
in both, the mádhyamika and Nyāya schools, the Sinyavada and 
the abhāvavāda, are principles and not technique unlike in mathe- 
matics. The fünyaváda refers to Sanya as the highest principle at 
the root of the universe; the abhāvavāda takes abhāva as one of 
the seven basic entities and not a technique; cf. Tarkasarngraha; 
dravyagunakarmasamanya-viSesasamavayabhavah sapta padār- 
thah. The abhāva in the Tarkasarhgraha, therefore, can at the 
most compare only with one of the Pāņinian six vyavasifas and not 
lopa or zero. 
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The chief characteristics of the abhāva - zero of the Naiyāyikas 
are mainly two: (i) the concept of abhāva is related to bhāva i.e. 
existence; and (ii) its classification into four type seems to have 
been based upon the existence or non-existence of the two condi- 
tions of ādi and anta. The four types are: anādi-sānta (without be- 
ginning but with an end) which is prāgabhāva; sādi-ananta (with 
beginning but without end) which is pradhvarhsā-bhāva; anādi- 
ananta (without beginning and without end) which is 
atyantabhava; this is absolute negation; at this stage there is a sud- 
den shift of the basis of classification Instead of having the fourth 
type as sādi and sānta, the fourth type is totally different depend- 
ing or based on the reciprocal relation of two entities. 


Of these four types, the third one viz. antyantābhāva, which is 
absolute and does not refer to any non - abhāva entity, is beyond 
comprehension, since in that state of absolute non-existence, 
nothing remains; there lives nobody even to comprehend the 
knowledge of abhāva. 


abhāva is reckoned for the first time as an independent cate- 
gory by the VaiSesikas after Prašastapāda. Then we find it in 
Udayana's Kiranávali. Šivāditya's Saptapadārthī includes it as the 
seventh padārtha. As D. Gurumurti puts it in his introduction to 
Sivāditya's Saptapadarthi. 


“Abhava arose as a logical concept. It is serviceable for intellec- 
tual distinction. In knowledge, the idea of negation as the counter- 
part of affirmation is necessarily involved. All idealistic systems of 
philosophy are based on the opposition between the knowable and 
the unknowable. As relations play a large part in the intellectual 
explanation of the universe, they are distinguished from that 
which is above all relational consciousness. "When we speak of a 
thing the fact of its being or existence is emphasised; while when 
we speak of a relation its non-being or negation is emphasised." In 
was Spinoza that said that all determination is negation. 


This logical concept of negation was later adopted into the on- 
tological scheme of the Vaisesika and made into the new category 
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of non-existence. The employment of this category in the Syn- 
cretist school has been very extensive. According to Athalye, the 
wonderful accuracy of the Indian syllogism, the processes of rea- 
soning and analysis have been greatly facilitated by the recognition 
of abhava (non-existence). The notion of non-existence is claimed 
to possess as much reality as its opposite. This is stated in the form 
of a pratiyogi and anuyogi relation, that is, every entity involves at 
the same time the conception of its counter-entity and vice versa. 


There is distinct difference of opinion between the Naiyavikas 
and VaiSesikas as to the perceptibility of abhāva or non-existence. 
The former hold that it is an object of perception, while the latter 
that it is only an object of inference. The former go a sep further 
and make non-existence consist of several kinds while properly 
speaking negation is simply non-existence in general. “All nega- 
ton is pure and characterless" according to Athalye. In the Syn- 
cretist school, the conception of abhāva is employed in the sense 
in which the later Nyàya employs it, i.e. as consisting of many kinds 
and as being as many as there are conceivable counter-entities. 
This is one of the conception of the Nyáya-Vaisesika system which 


has enabled it to develop a very subtle method of intellectual 
analysis.” 4% 


It must, however, be said that in spite of the fact that abhāva has 
been of very great use for intellectual discussion, the VaiSesikas 
have not laid out any procedure by which one can, step by step, ar- 
rive at the concept of abhāva. Neither the whole discussion nor the 
characteristics and types of abhāva, as given in the NyàyeVaiSesika 
systems of philosophy, are, therefore, of any use in mathematics. 
Nor again the abhāva of the Nyaya-VaiSesika system of philosophy 
is in any way comparable to the zero in mathematics. 


19.2.3. The zero in Pāņini's grammar; ** 


As we enter into Pāņini's field, we find every term well-defined 
in clear words, leaving no chance for any ambiguity. And once we 
master the definitions and the techniques, the grammar looks as 
simple as any work of scientific nature should be. 
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The zero in Pāņini's grammar can be classified for the conven- 
ience and ease of understanding into two broad types. One is ‘the 
express zero' which is laid down by explicit terms like lopa, luk, 
£lu or lup. The other is ‘the implied zero’, which is not laid down 
in explicit terms like lopa, luk, $lu and lup, but which, in ultimate 
analysis and descriptions, amounts to zero. Pāņini uses different 
terms for ‘the implied zero’, like ekādeša, Sesa etc. 


Sometimes Pāņini intends the zero in a round about way by stat- 
ing that a particular group of sounds is to be preserved (Sisyate), 
intending thereby the lopa of other sounds in that situation. We 
will now illustrate by examining the definitions and the situations 
in which the two types of zero are available in Panini’s grammar. 


19.2.3.1. The express zero: The sütras which state the express 
zero are two, viz. adaršanam lopah , 1.1.60 and pratyayasya luk-Slu 
lupah, 1.1.61. The first sütra, 1.1.60 defines lopa, which etymol- 
ogically (from VJup ‘to disappear) means ‘disappearance’, and the 
second sütra, 1.1.61 defines the zero by the terms luk, $lu and lup. 
The only difference between the two zeroes laid down by the two 
sūtras is that while the zero laid down by the term lopa is empow- 
ered with bringing about the morphological/ phonological/accen- 
tual changes in the stem, the zero stated by the other three terms is 
not. But both the sūtras state the express zero. 


The straight, literal meaning of the two sūtras is: if we find any- 
where the disappearance (a-daršana, lit. non-appearance) of any 
entity which should have been or is stated to be there, we should 
understand that it is called Jopa of the entity i.e. it is zeroed.” The 
root Vdr§ (= ‘to see’) is to be taken here in a general sense of 
‘knowledge’. According to Kasika, the word adaršana signifies 
the following meanings : aSravanam (non-hearing), anuccāraņam 
(non-pronunciation), anupalabdhih (non-availability), abhāvah 
(non-existence) and varnavinasah (loss of sounds). All this means 
that the categories stated in the situations concerned are zeroed if 
the terms lopa, luk, $lu and lup are used with reference to them. 
It must be repeated here that for all practical purposes, all the four 
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ja signify the same sense, viz. of zero. Thus, lopa = luk = $lu = 
up. 


Let us illustrate the working of this zero-technigue by an ex- 
ample, in which the zero of the concerned category is brought 
about by the term luk. The example is provided by the pres. 3rd 
sing. form atti from Vad ‘to eat’ from second conjugation, which 
exhibits no vikarana. The process is as follows:- 


ad+Saptti (Sap is a vikarana; ti is a pratyaya) 

= ad+a+ti ($ and p=0) 
, Then by the sūtra, adiprabhrtibhyah $apah, 2.4.72, the fap i.e. 

a is zeroed and we have the situation. 

ad+o+ti 

=ad+ti 

=attti 

=atti. 

This whole process is to be read in the context of the one for 


the form bhavati (from vYbhū, 1st conj.) in which thereis no zero 
Ofthe vikaraņa. The process is: bhū + sap*ti 


= bhav + Sap + ti 
= bhav + a + ti 


= bhavati 


19.2.3.2: The implied zero : The best example is provided by the 
compounds called ekaSesa dvanda, in which, as the name itself 
suggests, out of the two or many prátipadika - categories constitut- 
ing its membership, one category remains with the result that the 
other/s is/are lost i.e. zeroed. Let us take the example of the 
ekaSesa dvandva compound putrau, meaning ‘the son and the 
daughter. What Pāņini does is that he starts with two 
constituents," putra and duhitr and then keeps the word putra, 
the other member duhitr in effect becoming zero. Thuswe have, 
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putrah + duhitā * au 

= putra + duhitr * au 

= putra * O * au (duhitr = O) 
= putra + au which is 


= putrau, which is the dvandva compound with the technigue 
of ekašesa zero. The sūtra which reduces duhitr to zero is 
bhratrputrau svasrduhitrbhyām , 1.2.68. 


19.2.4. The peculiarities of the Pāņinian zero: 


The Pāņinian technique of zero seems to be based on certain 
assumptions and brings out certain salient features. 


The basic assumption of the Pāņinian description of the San- 
skrit language is that he starts his linguistic description with what 
Sergiu A-George calls as “the richer comprehension"; that is to 
say, with a maximum or at least more expanded form; and then he 
goes on reducing or subtracting the unwanted elements to arrive 
at the minimum form available in the language. Thus in the ex- 
ample of atti, the model on which Panini is working is of the form 
bhavati, which has a richer comprehension than atti. bhavati is 
conceived to be comprising of three-morpheme structure, viz. the 
dhātu bhū, the vikaraņa Sap and the pratyaya ti. And in order that 
the verbal form atti must also contain three morphemes on the 
pattern of bhavati, that Pāņini assumes initially a three-morpheme 
structure for atti and then zeroes the undesired vikaraņa Sap 
which is not available in the spoken language. Thus, atti = 
ad+$ap+ti 


= N+S,+5,(N= Nucleus, S = suffix) 
=N+O+S, 
= NS, which is the desired form. 


If the above line of thinking is correct, the zero in Pāņini's 
grammar is available by the process Of substraction alone, and not 
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by any other process. The structural approach combined with the 
process of subtraction alone gives the zero. Panini zeroes the un- 
wanted elements because they are not found in the language. Yet, 
he assumes originally the presence of such elements because he is 
very careful to see that the different entities or categories like 
prātipadika, dhātu, pratyaya etc. get their proper places in the for- 
mative process, though not in the final, usable form. 


This leads us to discern yet another characteristic feature of 
Paninian technique of linguistic description, viz. Paninian descrip- 
tion is based on positional analysis. It will be seen from the ex- 
amples of atti and bhavati that the suffix a i.e. Sap is first assumed 
in atti and then elided, since it is not found in the language. Such 
an assumption of a non-existing suffix in final analysis implies, 
first, a basic comparison between two types of formations from one 
group (here the group is of the verbal forms) and, secondly, the 
positional analysis of the formations to find out one-to-one corre- 
spondence between one form and the other. Thus the three mor- 
phemes in the form atti are positionally set against those in an- 
other form bhavati and a search for finding out the one-to-one 
correspondence between them is carried out by the formula, Form 
=N +S, + S, In this process, the Sap is missing in atti; it is there- 
fore, represented positionally by zero in the stage of the formative 
process itself. Thus, 


ad + Sap + ti 
=ad+Otti, 
This type of analysis immediately gives out the one-to-one corre- 


spondence between atti and bhavati. The zero, which represents 
Sap, has thus a reserved position in the whole analytical process. 


Besides these references to positional analysis which can be 
drawn by implications, we have direct sūtras by Pāņini which refer 
to the position of the different grammatical entities. The sütras 
pratyayah, 3.1.1. and para$ ca, 3.1.2. explicitly state the position of 
the pratyayas as posterior to the prakrti. The sütra, ādyantau 
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takitau, 1.1.46, refer to the initial and final position of the āgamas; 
mid aco'ntyāt parah, 1.1.47 refers to position posterior to the last 
vowel in the base; The sütras, tasminn iti mirdiste pürvasya, 1.1.66 
(prior position), tasmādity uttarasya, 1.1.67 (latter position), 
alo'ntya sya, 1.1.52 and nic ca, 1.1.53 (final position), ādeh 
parasya, 1.1.54 (initial of the posterior category) define clearly the 
positions of the suffexes to be applied. For the word, ‘position’, 
Panini has used the word ‘sthana’ meaning ‘place, position’ etc. 


The 'zero' in atti has, therefore, a 'positional value"; it indicates 
the ‘position or place’ of the suffix Sap. It is to be noted that the 
‘zero’ of Sap is obtained here by subtraction, the addition being 
stated already. First it is added and then substracted. 


19.3. Comparison of the philosophical systems with mathematics 


We are now is a position to compare the concept of fünya, 
abhava and lopa, all in final analysis signifying zero, with that of 
zero in mathematics. Since all the number-systems in post-Vedic 
times are decimal number-systems, the characteristics which are 
available in them are also found in the Vedic number-system. And 
since the post-Vedic number-system is decimal, the Vedic system, 
as we have seen before, is decimal. Since again the post-Vedic num- 
ber-system is based on the positional or place-notation, the Vedic 
number-system also must have been based on place-notation. If 
this is true, then the only philosophical system which offers a possi- 
bility of comparison with the mathematical system of the Vedas is 
of Panini, in which, as we have seen before, the positional analysis 
is resoreted to. The Buddhistic system of philosophy expounding 
Siinyavada does not lay down or proceed on step-by-step positional 
analysis; it also does not lay down any formative process to arrive at 
the Sanya. The exposition of abhava of the Naiyāvikas also does 
not spell out any process or positional considerations to arrive at 
the abhāva; rather, it seems to have the temporal implications at its 
root, since it considers abhava with a reference to priority or pos- 
terity of the kārya and kāraņa. Again, it does not state any forma- 
tive process to arrive at abhava. Moreover, unlike in mathematics, 
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the concepts of $ūnya in Buddhism and abhava in Nyāya are not 
technigues employed to serve some other purpose, but principles; 
in mathematics the concept of zero is a technigue employed to 
build up a number-system based on ranks. And it is only because of 
zero-technique that mathematics has been able to build upa num- 
ber-system based on ranks. The only system, in which zero is em- 
ployed as a technique is of Panini. It is only with the Pāņinian tech- 
nique of lopa that the mathematical zero can be compared.* It is 
only Pāņini who gives a regular, cosistent formative process to ar- 
rive at the zero; cf. his description of the forms bhavati/atti and of 
the ekaSesa dvandva, putrau, given before 


19.3.1. Two types of languages 


Before we proceed on to compare Vedic mathematical zero 
with the one in Pāņini's grammar, we must take note of a point 
which is of utmost importance for our purposes. Veda is nota text- 
book on mathematics. As such, we will not find any direct refer- 
ences to mathematical theories. Whatever theories we have found 
out up till now are only by implication. 


The second point to be noted is that Veda is composed in lan- 
guage and not in number-symbols. We will not find, therefore, any 
symbol for any number, much less for zero, in it. We will have to 
imagine the number-symbol for zero by implication and with the 
help of the language itself, that is to say, with the help of the num- 
ber-words themselves which are used for numbers. At this stage, we 
can see that the Vedic language can be classified into two types; 
One, that language or words which describe and analyse the non- 
mathematical facts, like the praise of the gods etc. The facts may 
relate to any thing from simple speech to sacrifice, rituals, praises, 
songs or even philosophical considerations. We call this type of 
language as non-mathematical language. The second type of lan- 
guage which is used is full of words for mathematical numbers, It is 
these mathematical number-words that we have been discussing 
up till now. We may call this language as mathematical language. 
All the number-words and the words which indicate any mathe- 
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matical operation like addition, subtraction etc. can be grouped 
under the category of mathematical language. All other non- 
mathematical words can be grouped under non-mathematical lan- 
guage. Thus in the passage, dvādaša pradhayah, cakram ekam, 
trīņi nabhyāni, ka u tac ciketa; tasmin sākam trifata na Sarikavah 
arpitah sastir na calācalāsah, R.V. 1. 164.48, the words dvādaša, 
ekam, trini, trišatā, sastih are mathematical language, giving out 
mathematical information, while all others are non-mathematical 
language, giving out non-mathematical information. The mathe- 
matical words signifying numbers are, no doubt, linguistic entities, 
in the sense that all the rules of Sanskrit declension and conjuga- 
tions are applicable to them. But over and above this, the informa- 
tion they give is purely mathematical. Hence they are mathemati- 
cal entities also. It is for this reason that the two types of word- 
structures must be distinguished from each other, so far as their 
semantic import is concerned. 


19.3.1.1. ankànàm vāmato gatih : That the Veda contains two 
types of languages — one, mathematical and the other, non- 
mathematical — is clear. Since both the types are languages, they 
are to be understood properly. Are they to be understood — or 
rather read — in the same way? Can we know the meaning of the 
mathematical language in the same way as we know the meaning 
of the non-mathematical language? To illustrate, shall we under- 
stand or read or write in symbols the number-word dvādaša as 12 
or 21 - the latter symbol follows the wording of the compound 
word-structure dvà (=2) and daša (= 1; das'a is represented by 1 
for which see below.) It is clear, therefore, that the two types of lan- 
guages — mathematical and non-mathematical—cannot be under- 
stood or read in the same way, but require different methods for 
understanding. The non-mathematical language, say a word like 
vajra—bhrt, is understood in the order in which the words are set 
therein. Thus, the word vajra being in the prior position is under- 
stood to give out the meaning first; then comes the word bhrt 
which occupies the posterior position in that order. But it is not so 
in the case of the mathematical language, say a word dvādaša in 
which traditionally daša is understood first and then comes the 
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turn of the word dvā. The two types of languages, though com- 
posed of the same Sanskrit phonemes, morphemes and words, re- 
quire different ways of understanding. There will be a confussion if 
we understand them in the same way. 


It is in order to avoid the confusion between the two that the 
Sanskrit mathematicians in Vedic times have spelled out a dictum 
for reading the two types of languages. The dictum is very famous 
in Sanskrit mathematics and runs as follows:- artkānām vāmato 
gatih, which literally means 'the understanding (gati from Vgam 
‘to go’, also ‘to understand’) of the numbers (is to be done) in the 
reverse way (vāmatah)'. The phrase in anustubh metre seems to 
be — and is actually — a part of a verse in anustubh metre which 
runs as follows:- 


ankegu Sūnyavinyāsāt vrddhih syāt tu dašādhikā/ 
tansmát jfieyā vi$esena ankánám vāmato gatih .* 


The word anka in the verse refers to the number-ymbols for 
the numbers are to be written down or read or understood first in 
the order in which they are spoken and then the order is to be re- 
versed. Thus, the word dvā-daša is to be first understood in sym- 
bols as 2-1 and then the figures 2 and 1 are to be read in reverse 
position as 1-2 and the number will be written as 12. 


In the system of writing Sanskrit which writes from left to right, 
the reverse order will be from right to left; that is, the number to 
the right, which is written last, will occupy the first position and 
then the numbers from right to left will occupy positions in that 
order. The word dvā-dasa, written as 2-1, will be then dafa-dvà and 
written as 12 which is the correct writing or understanding of the 
numbers. 


The word arīka may refer to the number-word also; the gen. 
ankānā.m will then mean ankārthakašabdānām, ‘the number- 
words conveying the meaning of numbers'. Yet the final result is 
the same. 
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The dictum of arikānām vāmato gatih, though nowhere spelled 


. out in any authoritative work on mathematics, Vedic or post-Vedic, 


scems to have been known and followed even in Vedic times also 
as the number-words used therein are to be reversed. The Persians 
and the Arabs, who have borrowed the number system from India 
seemed to have applied the Vedic technique of reversion of the 
order to all the words even to non-mathematical irrespective of the 
fact whether the words convey the mathematical meaning or not. 
Hence perhaps the whole system of their writing is the reverse of 
the Indian system, viz. from right to left. But interestingly enough, 
they do not reverse the numbers from right to left. They write the 
numbers from left to right itself after the fashion of the Indians.” 


The rule ankanam vāmato gatih is, therefore, of utmost impor- 
tance in understanding the numbers. The rule actually seems to 
have been spelled out to understand the Vedic texts as principle of 
interpretation of Vedic language and seems to have been coined 
out of necessity. But, surprisingly enough, later post-Vedic writers 
adhered to this rule strictly and wrote the numbers purposefully 
and unnecessarily in the reverse fashion i.e. from right to left; cf. 
Sūryasiddhānta (9.5.3) (400 AD): 


nava-vasu-sapta-asta-kha-nava-a$va 
=987809 2, which is 

=2908789 

or, Paficasiddhantika (505 AD; 1.5.17); 
$ünya — dvi — parca — yama 

=0252 

= 2520. 


Many example can be guoted from Sanskrit literature. 


Not only this, but the later writers used symbolic words for num- 
ber-words, (- perhaps for sacredness or secrecy? —) and compli- 
cated the easy understanding of mathematics. But we are not con- 
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cerned with this at present. So far as Veda is concerned, the num- 


bers are mentioned only by number-words and not symbolic words 
for numbers. 


The word vāma is peculiar here. It signifies the sense of 'left, or 
reverse' in classical Sanskrit. It means 'beautiful' in the Vedic lan- 
guage and is always an adjective of vasu i.e. wealth. Vàma in the 
sense of 'reverse' indicates or refers to the direction opposite to 
the one in which one is proceeding. The west, for example, will be 
the vāma direction of the east, and vice-versa. The devanāgarī is 
written from left to right; the vàma of this direction will be from 
right to left. The ‘above’ is the vàma of ‘below’ and so on. 


An important point requires to be noted. In solving the com- 
pound number-words and the compound non-number words, the 
same grammatical method can be or is resorted to. For example, 
the compound number-word ekādaša is dissolved as ekah ca daa 
ca; similarly, the dvandva compound indrāgni, which consists of 
non-number words, can also be, or is, solved in the same way, viz. 
indrah ca agnih ca. What is the point, therefore, in explicitly stat- 
ing the principle ankanam vāmato gatih in the case of the num- 
ber-words alone? In the case of both the types of compounds, nu- 
merical and non-numerical, the positions of the constituents re- 
mains the same in the stage of dissolution; the word eka occupies 
the first position in the compound (samāsa) as well as in its disso- 
lution (vigraha-vākya); and there seems to be apparently no signifi- 
cant purpose is stating the above dictum of arikānām vāmato 
gatih. The only purpose that seems to be implied behind the 
above dictum is that the principle aims at laying down the order of 
the number-symbols while writing them down. This leads us to the 
next condition that writing of the numbers at least in symbols was 
prevalent in the Vedic and the immediately succeeding post-Vedic 
times. Without such as presumption, the dictum ankandm vāmato 
gatih seems to be meaningless. Though the principle seems to 
have been enunciated later, it was applicable in Vedic times also. 


The dictum ankanam vāmato gatih is, to put it in the grammati- 
cal language, a kind of paribhāsā which helps to read or under- 


Zero 157 


stand the mathematical language, just as the paribhāsās in gram- 
mar help to understand the implications of Pāņinian sütras in the 
case of any confusion. The only difference in the above 
mathematical paribhasa is that while the latter grammatical 
paribhàgás are collected together and recorded by the grammar- 
ian Nāgoji Bhatta in his book called paribhāsendušekhara, the 
former mathematical paribhasas are nowhere collected together 
and recorded. They have been only handed down orally through 
guru-Sisya-parampara. 


We thus can see that since there are two different languages in 
the Veda, there are two different ways of representing them in dif- 
ferent symbols—the varna - symbols for the non-mathematical lan- 
guage and the anka symbol for the mathematical language. Since 
again there are two types of symbols for the two languages, there 
are two types of ways of reading or understanding them, viz. from 
left-to-right for the non-mathematical language and right-to-left 
for the mathematical language. The whole method is, therefore, 
perfectly scientific and logical. 


19.3.2. The Sanskrit Word-Structures 


Besides the two important points which have been noted above, 
viz. existence of two types of words or languages in the Veda and 
the principle ankānam vamato gatih spelled out for the interpre- 
tation of the mathematical language in the Veda, we have to take 
note of the third important point which relates to the representa- 
tion of the Sanskrit word-structures in terms of symbols. The repre- 
sentation of the words in symbols is based on the Pāņinian analysis 
of the Sanskrit language.” 


If we turn to Panini for the analysis, description and explana- 
tion of the Sanskrit word-structure, we find that he starts with the 
implied assumption that in Sanskrit, the pratyaya, referring pri- 
marily to the terminations i.e. closing morphemes is a compulsory 
category. Nu word can be used in the language without applying 
the pratyaya, which includes both the declensional (i.e. sup) and 
the conjugational (i.e. tin) closing morphemes. The prakrti, refer- 
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ring to both the nominal as well as the verbal baseand the pratyaya 
are thus attached with each other enternally. We cannot use or 
even imagine one without the other. This Pāņinian assumption 
underlying his analysis and description of the Sanskrit language is 
made explicity clear by Patafijali in unequivocal terms. cf. Pata- 
fjali, the commentator on Pāņini's Astādhāyi on the Pāņinian 
sūtra, 1.2.45: pratyayena nityasarhbandhāt. nityasarhbandhāv etāv 
arthau prakrtih pratyaya iti. pratyayena  nityasarbandhat 

kevalasya prayogo na bhavisyati. 


19.3.2.1. The non-compound word-structures : This explana- 


tion by Patafijali of Panini’s underlying assumption helps us to rep- 
resent the Sanskrit word-structure in convenient symbols. Let 
prakrti, which is the nominal and/or verbal base, be represented 
by the symbol N signifying Nucleus; Let pratyaya, which refers to 
the non-closing morphemes of the taddhita, krdanta and femi- 
aine spheres as well as to the closing morphemes (viz. sup and tin) 
i.e. terminations, be represented by the symbol S signifying in gen- 
eral the suffix. Let F represent the final form which is used or us- 
able in the language. Any non-compound word-tructure in San- 
skrit can now be represented in the formula, F = N.S. The struc- 
tures, say, rāmasya or caturbhih can both be represented by the 
formula, F = N.S. Thus, 


rāmasya = rāma+sya 
=F=N.S. 

Also, caturbhih = catur + bhih 
= F- NS. 


There are many types of structures in Sanskrit, simple and com- 
plex, comprising suffixes numbering from zero to infinity. 


19.3.3. The compound word-structure 


Coming to the description of the compounded word-structures, 
we find that Pāņini describes them in the sūtra, saha supā, 2.1.3. 
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The sūtra states that any declined form used in the language 
(called sup-anta in Pāņini's terminology) ending in the nominal 
declensional terminations (called the sup-pratyayas in Pāņini's 
terminology and enumerated in the sūtra, 4.1.2) can be 
compounded or juxta-posed (cf. the Pāņinian term for compound, 
viz. samāsa which is derived from sam + Vās, 'to be or put 
together) with any other declined form ending in nominal 
declensional terminations. Thus, the two sup-anta formations 


rājūah and purusah can be compounded together. The process is 
as follows: 


rájüah + purusah. 


Now, the word rajfah can be split up as rājan (which is the 
prakrti) and as (which is the pratyaya); and the word purusah, as 
purusa (the prakrti) and -s (the pratyaya); and we have, 


(rājan+as) + (purusai+s) = (N+S)+(N+S) 


Then according to the sūtra, supo dhātuprātipadikayoh , 
2.4.71, the suffixes -as (of rājan) and s (of purusa) are zeroed; and 
we have the following picture, (rājan+O) + (purusa+O) = 
(N+O)+(N+O) = rāja-purusa = N.N., which is the compound 
formation. The formula in terms of the symbols F, N and S for a 
compounded formation is Sanskrit, therefore, will be: 


F = N+N = N.N, to which the declensional suffixes viz. sup- 
pratyayas are again applied for using it in the language. 


In terms of symbols, therefore, the two types of Sanskrit 
formations, viz. the non-compounded and the compounded, can 
be defined as: the formation which has only one N is non- 
compounded and the one which has more than one N is a 
compounded formation. Thus, 


the a-samāsa F = N+$,+S,+S, - - Sn — Se, and the samāsa F = 
(N+N)+ N+S,+S,+S,-- Sn — Sco, 
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19.3.4: The structure of the number-words 


The same rules and suffixes which are applied to get the non- 
number words as given above are applicable in toto to the 
number-words also, since the number-words, being nominal bases 
or pratipadikas, are on par with non-number words. As such, all 
the number-words used is the language, Vedic and classical, can be 
safely represented by the same symbols and formula as is used in 
the case of the non-number words. Thus, 


F = ekah = eka +s = N+S; 
or, F = dvau = dvitau = N+S; 
or, F = paficabhih = pafica + bhih = N«S; 
or, F = saptabhyah = sapta*bhyas = N+S; 
or, F = navabhih = nava+bhih = N+S; 


or, F = dasasu = daša + su = N+S ; and so on. 


As all the above structures of the number-words contain one, 
single N, they are grammatically, non-compound word-structure, 
and also consequently mathematically non-compound numbers. 


If we try to examine and represent the numberwords after 
da$a, the picture that we get is like the following: Letus take the 
example of the number-word ekáda$a. It is dissolved in the Veda 
itself as eka ca... daa ca, A.V. 5.15.1; the feminine gender used is 
the text is not relevant to the present discussion. We can even take 
the masculine form as ekah instead of the fem. ekā in the text for 
the purposes of displaying the grammatical dissolution. Thus, we 
can safely dissolve the word ekādaša in the masc. as ekah ca daSa 
ca. And after the pattern of the Pāņinian process, we have, 


F= ekādaša 

= ekah + daša = (N+S) + (N+S) 

= eka + daša (with s=O) = (N) + (N) 
=N+N 
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= N.N, to which the suffixes of the nominal declensions viz. the 
sup-pratyayas (listed in the sūtra, 4.1.2) can be applied for using it 
in the language, since in the form in which it is available, it is a 
word, or more correctly a prātipadika. 


All other number-words after da$a can be represented 
symbolically in the same way. Thus, 


F= dvādaša - dvitdasa = N,+N, 
or, F = trayodaša = tritda$a = N,+N, 
or, F = ekavimšati = eka+vimšati = N,+N, and so on. 


Since, as will be clear from the above symbolic representation, 
all the structures of the number-words from ekādaša onwards 
contain two N, they are grammatically compound word-structures, 
and also consequently, mathematically compound numbers. 


19.4. The type of compound 


That the number-words from ekādaša onwards are compound 
word-structure is clear beyond doubt. But what type of compounds 
are they? 


As we know, there are four main types of compounds in Sanskrit 
according to Panini. They are avyayībhāva, tatpurusa, dvandva and 
bahuvrihi. The avyayībhāva- compound is defined in the sūtras, 
2.1.5 and 2.1.6; the tatpurusa is defined in 2.1.22; the dvandva is 
defined in 2.2.29 and the bahuvrihi is defined in 2.2.23 and 2.2.24. 
If we apply the criteria for being a particular type of compound 
given in the Pāņinian sütras, we find that the above compound 
number word-structures satisfy only the criterion given for the 
dvandva compound in the sūtra, 2.2.29, cārthe dvandvah. What 
the sütra means that if two sup-antas i.e. nominal bases are joined 
together by the semantic relation of ‘ca’ i.e. ‘and’, the compound 
they form is called the dvandva compound. We have seen above 
that the two nominal bases eka and daša (and dvi, tri etc. and da£a 
for the matter) are joined together by the semantic relation of ‘ca’ 
ie. ‘and’; thus, ekādaša means eka and das'a (i.e. one and ten); 
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hence the compound that all the above number word-structures 
form is a dvandva compound. The word-structures from ekadaSa 
to navadaša (11-19), ekavimisati to navavimšati (21-29), 
ekatrimšat to ekonacatvārimšat (31-39), ekacatvārimšat to 
ekonapaficaSat (4149), ekaparīcāšat to ekonasasti (51-59), 
ekasasti to ekonasaptati (61-69), ekasaptati to ekona-ašīti (71-79), 
eka-aSiti to ekona-navati (81-89) and finally, ekanavati to nava- 
navati (91-99) are all dvandva compound word-tructures and can 
safely be represented symbolically by the formula given above, viz. 
N,+N, = F. These are in all 81 dvandva compound word-structures. 
The remaining 19 number-words out of one hundred, from eka to 
nava (1-9) and dasa (10), virhšati (20), tririfat (30), catvārirhšat 
(40), paficásat (50), sasti (60), saptati (70), ašīti (80), navati (90) 
and fatam (100), do not seem to be compounds at all. The 
question of the numbers fatam and above does not arise at all here 
since these numbers are not expressed in terms of compound 
number-words; they are expressed by phrases. The only numbers 
above fatam which are expressed by noncompounded single 
number-words are sahasram, ayutam, niyuta, prayuta, arbuda, 
nyarbuda, samudra, madhya, anta, and parārdha which we have 
already discussed above; cf. VS. 17.2. These number-words also 
again are not compound word-structures, except the words a-yuta, 
ni-yuta, pra-yuta, ny-arbuda and parārdha. The peculiarity of these 
latter compounds is that none of the members comprising them is 
a number-word. 


If we closely examine these facts about, which number-words 
are compounded word-structures containing two number-words 
and which are not so, we find that the numberwords which serve 
as the radix or basis for either the next series (as in the case of 
daša, virh$ati, trirhat, catvārirhšat, paricáfat, sasti, saptati, ašīti 
and navati which are bases for the series next to them) or next 
ranks (as in the case of Sata, sahasra etc. which are the basis for 
the ranks after them) are expressed in simple, noncompounded 
word-structures and not in complex, compounded word- 
structures. And those number-words above dafa which are not 
radix words are expressed in compound word-structures 
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last or posterior or second, is the radix word. Why? There are two 
possible explanations of this phenomenon: (1) either the radix 
words are or were basically and originally simple, non- 
compounded words, or (ii) they were originally complex, 
compounded word-structures, with one member, preferably the 
non-radix number-word occupying the first or prior position, lost. 


But this line of thinking raises many problems which must be 
answered. 


19.5. The radix and non-radix number-words:- 


We have divided the Vedic number-words above into two main 
types, viz. the number-words which serve as the radix, and those 
which are not radix number-words. What we mean by the radix 
number-words is that these words first linguistically and then 
mathematically are to be read or grouped or go with the 
immediately succeeding series and not with the preceding ones. 
Thus, linguistically and mathematically the word dasa goes with 
the succeeding series of numbers from ekādaša to navadaša and 
not with the preceding series viz. from eka to nava. So also with all 
the other radix number-words virhsati, trirhSat etc. In other words, 
the word da$a, for example, is not the last one for the series from 
eka to nava, but it is the first, or at the head, of the series from 
ekáda$a to navadaša. The obvious reason for such a grouping, 
surprisingly enough, is originally purely linguistic and not 
mathematical, though later on it is true mathematically also. If this 
line of thinking is correct, the radix words daa etc. must be 
linguistically compared or explained with reference to the 
number-words in the succeeding series and not with those in the 
preceding series. We have to compare them linguistically and not 
mathematically; the reasons are as follows:- 


l. The Veda is a language and contains only words, and not 
symbols, for the numbers; 
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2. We have no definite proof that the Vedic number-words 
were ever translated into number-symbols in Vedic times 
themselves. 


We have, therefore, no alternative other than linguistic for the 
comparison of the radix words with non-radix words. 


19.6. The birth of Zero 


Let us now start comparing the radix words and the bot-radix 
words linguistically with the help of the symbols to signify the 
nominal bases in the compounds. The radix daša is taken as an 
example. The same arguments, procedure and representauon as 
are used is the case of daša also hold good in the case of all other 
radix-words, viz. virnSati, trirhsat etc. The symbol N used before 
would have done as a general symbol for nominal bases. But since 
we have here different nominal bases and have to distinguish them 
from one another, we prefer to use different symbols for the 
different nominal bases. Since daša is the same nominal base, Mi 
have kept the symbol N for dasa only. The nominal symbols use 
here are: 


a for eka; qforsat»$0 
b for dvi; x for sapta 

c for tri y for asta 

d for catur zfor nava 

p for pafica. and N for dasa. 


We now represent the series from ekādaša to navadaša 
symbotically as follows: 


ekādaśa = eka + daša = a. N. 
dvāda$a = dvi + daša = b. N. 


trayodaša = tri + daša = c. N. 
caturdaša = catur + daša = d. N. 
pafica das’a = parīca + daša = p. N. 
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sodaša = sat + dasa = g.N. 
saptadaša = sapta + dasa =x. N, 
astādaša = asta+ daša = y. N., and finally 


navadaša = nava + daša = z, N. (Note that nava-daša is more 
natural to the Vedic technigue of building up the number 
structure than ekonavimšati which seems later.) 


Now, since the radix word daša is in the beginning of this series, 
its word-structure is also to be read and compared with the 
structures of all the members in the series beginning with dasa. 


Since all the non-radix number-words in the series from 
ekadaSa to navadaša contain two N and hence are compounded 
word-structures linguistically, the radix-word dasa must also 
contain two N, must consequently be taken as a compound word- 
structure and must, therefore, be represented as N,+N,, with N, 
representing dasa since the word dafa, asa radix, occupies the 
posterior or second position in the above series. The symbolic 
representation of dasa as a compound word-structure must then 
be: 

dasa = N,+N, 
= Nl + dasa 


But we have no N, here; we, therefore, represent N, as a vacant 
place. 


daša = vacant place + da£a. 


If now we substitute the symbol of zero, viz. O for the vacant 
place, we have the formula for daša as: 


daša = O + daša. 


Instead of comparing all the number word-structures from 
ekādaša to navadaša, even a single structure like ekādaša will do 
and we have the following: : 


ekādaša = a + N = aN, and 


daša = vacant place + N 
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And in the vacant place we put the modern symbol for zero, viz. 
O and we have, 


daša = O. N; and then by the dictum, añkānām vamato gatih, 
we get daa = O.N = N.O. dasa thus assumes a two-digit or two- 
symbol form. 


The same type of representation in symbols can also be done 
for the radix-words virhSati, trimSat etc. as 


ekavirhšati = eka + virhšati = a + N =a. N and 
virnSati = Vacant place + vimSati N = O.N. = N.O. 


This formula, viz. O + N will bring the structure of daša in line 
with the other structures of the series from ekadaSa to navadaša 
with which the word daša is read and of which he is at the head or 
beginning. 

We can arrive at the same result with the help of the technique 
used by Panini while describing the ekaSesa dvandva compound 
putrau in which the other member viz. duhitr is zeroed. And as we 
have seen above, all the non-radix number-words are nothing but 
the dvandva compounds. And the Pāņinian technique applied in 
the case of the dvandva compounds in general can be safely 
applied in the present case also. 


We repeat the technical process given by Panini in the case of 
putrau. 


putrau = putrah + duhita + au 
= putra + duhitr + au (suffixes = O; cf. 2.4.71) 


= putra + O + au (putra remains, resulting in the zero of 
duhitr; cf. 1.2.68 


= putrau. 
In symbols, 
N,+N,+$ 
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=N,+0+S 

=N,$. 

Similarly, just as Pāņini has assumed a second member viz. 
duhitr for the sake of symmetry of linguistic description, we can 


also assume a suitable mathematical number-word viz. say, eka or 


dvi or any other number-word as the other member besides dasa 
and elide it. Thus, 


daša = eka + daša 
= O + daša; which is a two-digit representation of daša. 


Now by following the dictum of ankānām vāmato gatih, we can 
re-write the series from dasa to nava-daSa in terms of symbols as: 


dasa = O.N. = N.O. 
ekā-daša = a.N = N.a 
dvā-daša = b.N - N.b. 
trayo-daša c.N = N.c. 
catur-da$a = d.N = N.d. 
patica-daSa = p.N - N.p. 
sodaša = g.N = N.g. 
sapta-daša = x. = N.x 
asta-daša = y.N = Ny. 
nava-daša = z.N = N.Z. 


The N which occupies the second i.e. posterior position in 
column 1 comes to take up the prior position is column No-2; and 
vice-versa, the zero, a, b, c, d, p, g, x, y and z which occupy the 
prior position in column No.l are reduced to the posterior 
position in column No.2. The right-hand positions represent the 
digital places; and the left-hand positions represent the decimal 
place. Thus the word daša comes to contain two symbols for one 
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concept. So also all the two-digit symbols, and for that matter all 
the multi-digit symbols in the following series based on different 
ranks come to signify single concept of the respective numbers, 
although they themselves exhibit the appearance of having more 
than one symbols and hence numbers, which is not true. The truth 
is that what the many symbols in the multi-symbol appearance of 
the higher numbers like 12344 or 15625 etc. indicate is not the 
numbers but the places or ranks. The left-hand side word dasa, 
which looks originally as non-compounded one now becomes a 
compound, or rather ekaSesa-dvandva- compound word on the 
right-hand side. The assumption of a second member, besides 
daša, is motivated by two main considerations: (i) to portrait dasa 
as an ekaSesa dvandva compound, and (ii) to achieve symmetry in 
linguistic and mathematical description of the forms and 
numbers, since dasa as the radix number-word goes with the 
succeeding series from ekādaša to navadaša and not with the 
preceding series from eka to nava. Also, to portrait daša as 
composed of two elements is necessitated by the fact that the 
number daša is represented as composed of two, and not one, 
mathematical symbols as 1 with 0 i.e. 10. in all the written 
mathematical symbols without any exceptions in all the ancient 
manuscripts and inscriptions. The idea of the two-digit notation 
for 10 cannot come from void but must have some tradition 
behind it - mathematical or linguistic. And this tradition seems to 
be only the Vedic tradition alone in the form of language, which 
alone can guide us to arrive at the notation of daša in two-digit 
symbol. The representation in two symbols, or as a compound 
number, of the number-word daía has up till now not been 
explained satisfactorily by any book on mathematics. And hence 
this present attempt to explain it. Only the Veda provides an 
answer to this, and the answer is obtained by employing the 
Pāņinian technique of linguistic description, applied to 
mathematical number-words from Veda. This seems to be the only 
explanation. 


There is yet another difficulty. That by projecting dasa as an 
ekasesa dvandva compound we can explain the two-digit 
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representation quite logically is clear. But, the ekaSesa dvandva 
compound putrau cannot be compared in toto with the ekaSesa 
dvandva compound daša. There are many points of dissimilarrity 
between the two. First, in the case of the ekašesa dvandva, putrau, 
it is the second member viz. duhitr which amounts to zero; in the 
present case of daša, it is the first member viz” eka which amounts 
to zero. The result is that in the case of putrau, wHat we get as 
result in the form of a formula is N.O. while is the case of da$a, the 
result that we get is O.N. Though these two results look apparently 
identical, they are in fact not so, because the language may tolerate 
the identity of the two structures for putrau, viz. O.N., N.O., but 
mathematics cannot tolerate the identity of the two structures for 
daša viz. O.N. and N.O., or more specifically in actual modern 
number-symbols, between 01 and 10. The obvious reason is that 
while in language, and especially in ekaSesa dvandva compound, 
the two words viz. putra and duhitr can occupy any position, first 
or second, without harming the meaning and the final structure, 
in mathematics, position of the number is very important; the 
symbols cannot interchange their positions without harming the 
value of the numbers; 01 and 10 donot convey in mathematics the 
sense of the same values. The consideration of position or 
positional value is very rigid is mathematics, while it is not so much 
rigid is language, though the Sanskrit language and its grammar by 
Pāņini do consider positions of the words in certain cases as 
important. 


Secondly, there is the difficulty of equating our present formula 
for daša as O.N. with the modern symbol for daša viz. 10. The 
formula that we get in the case of dasa, as we have seen above, is 
O.N. The zero here stands for the vacant place of the-word eka 
and N stands for the word dasa. If now we translate the formula in 
modern number-symbols, the number-symbol for the word dasa 
comes out to be 10; and the formula O.N. takes the numerical 
form as 010 which is untrue since the formula gives us a three-digit 
number for dasa, with two zeroes one preceding and the other 
succeeding; we write the modern symbol for daša as only 10, i.e. as 
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a two-digit figure. What actually we expect the formula to give out 
is only 10, without any additional number-figure. 


Thirdly, if we write the equation as ON = 01, deleting the zero 
succeeding the number-symbol 1 and then by the axiom of 
arikānām vamato gatih, reverse the positions of 0 and 1 and 
rewrite the equation O.N as N.O. = 10, we do get dafa = N O = 10 
(cf. aūkānām vāmato gatih ). But in this case, the N will stand only 
for the symbol 1, which, as is clear, goes against our original 
position in which we have substituted N for daa and not for 1. 
And what we want is that the whole two-digit symbol 10 should 
represent dasa. 


The last alternative leads us nearer to the solution why da$a is 
represented as a two-digit number. But the number-symbol 1 
which stands for daa is a problem. 


There are the three alternatives in the case of assuming or 
justifying the symbol 1 for dasa: (i) Either we should write da$a or 
N in single-digit number-symbol. But this goes against all 
traditional practices, eastern and western. 


(ii) or, we should accept the three-digit symbol viz. 010 for dasa, 
which is also against the age-old practice. 


(iii) or, we should equate eka with zero and dasa with 1 in the 
procedure of dissolving the compound ekādaša as an ekaSesa- 
dvandva compound. But this is also not possible because in the 
present conventions of the number-words, eka is numerically 
never equal to zero and daša is never numerically equal to 1. 


What is the way out of this symbolically technical difficulty? 
What do the symbols 1 and 0 in the symbol for dafa, 10, stand for? 


The answer seems to be: that we consider the symbol N in ON 
or NO, or 1 in 01 or 10 as signifying numbers itself seems to be a 
wrong position. What the symbol 1 in 10 seems to designate is not 
the number 1 in the single-digit series 0,1,2,3 etc. but the ‘position’ 
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of the succeeding series viz. from 11-19, which is the ‘first’ of all 
the two-digit series after the single-digit series from 1-9. The figure 
1 in 10 is not one from the unit-figures, but indicates the number 
of the two-digit series. And the symbol 10 gives out the following 
meaning: 1 represents the ‘first’ number of the two-digit series that 
are going to follow hereafter; and 0 represents that there is no 
unitnumber in the ‘first number’ of the succeeding two-digit 
series; and according all the succeeding two-digit numbers can be 
interpreted. Thus, 15 will mean ‘the fifth unit-number in the first 
two-digit series’ and so on. As the number of the compound series 
increases, the number representing the number of the series 
moves to the left. Thus in the number 5, there is no question of 
left- and-right-hand movement. But in 54, the figure 5 moves to the 
left representing the ‘fifth’ two-digit series; in 543, 5 stands for the 
‘fifth’ three-digit series and so on. The radix words, therefore, are 
used to signify the number of the series and should not be 
confounded with the units 0,2,3, etc. They function as a sort of 
‘command’ commanding the start of new series. And the new 
series cannot be represented without using two-digit symbols - one 
indicating the number of the series and the other the number of 
the units in the series. The first symbols, viz. 1,2,3 ... in, say, 10, 20, 
30 act as an indicator of the number of the two-digit series. While 
committing the concept of the series to writing, these symbols 
occupy the position prior to the other number-symbols. Since 
writing requires space and since we cannot write the two-digit 
symbols is one place - one over the above, we have to write them in 
ordered position. Position is the characteristic of space. The 
second symbol of zero in the above numbers is the number 
proper. In a symbol for eleven, viz. 11, for example, though the 
two symbols are identical, what the first 1 signifies is the number of 
the series and what the second one symbolises is the number 
proper. In spite of their identity, their functions are totally 
different from each other's. The phrases, therefore, like ekadaSa, 

ekavirhsati etc. and the corresponding number-symbols 11, 21 etc. 

really mean or indicate ‘the first number in the series of daša 

which is the first series; or in the series of virhšati which is the 
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second series’ etc. Hence daša can be represented safely by the 
symbol 1, vésting it with different function from that of the other 
identical symbol 1. There, therefore, is no harm if we equate 
N=daša = 1 in spite of the two-digit representation of dasa. Since 
daša is the beginning of the next series and contains no digit, the 
vacant place for the digit is represented by zero. Hence daša can 
be safely represented by the two-digit symbol 10. 


The consequent series from 10 to 99 will then safely be 
represented by two-digit symbols. The subsequent numbers from 
100 to 999 can also conveniently be represented by the three-digit 
symbols like 100 for hundred, 101 for one-hundred.and-one so on. 
It must be remembered, however, that in the present system of 
place-notation, the figures or symbols to the left indicate the 
higher orders or ranks and as we go from left to right (in the 
system of writing from left to right), we descend to lower orders or 
ranks. The right-most figure will indicate the lowest rank of the 
single-digital series from 0 to 9. 


In terms of the ranks and series, what a numbersymbol like 1 2 
3 4 will really mean is; 'the number 4 in the third series of ‘tens’ 
which is in turn in the second series of 'hundreds which again is 
the first series or rank of 'thousand'. The number can also be 
variously read from right to left as; (i) the number dis in the 123rd 
series of 'ten'; or (ii) is in the 3rd series of 'ten's which are in turn 
in the 12th series of 'the hundreds' and so on. Thus, except the 
right-most number-symbol 4, all other symbols indicate only the 
number of the series in ascending order from ‘ten’ onwards, in 
which the position of 4 is determined; they do not indicate the 
actual number, but indicate only the position. It seems that only 
the single-digit numbers alone are real basic numbers which are 
not derived mathematically from any other numbers. All other 
numbers are derived numbers, derived on the basis of positions or 
ranks or series - whatever one may call that. In the technical 
terminology of the Sankhya - philosophy, the numbers from 0 to 9 
are the prakrtis and all others are the vikrtis. 
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Coming to the number-word daa and its number-symbol 10, 
what the figure 1 on the left signifies is 'the number of the series; 
viz. the first series after the single-digit series’ and not ‘the number 
proper’; and what the symbol 0 signifies is ‘the empty, un-occupied 
space' since the subsequent two-digit series which follows does not 
contain any number in its digital place. 


Just as in Panini’s grammar, the zero substitutioned for Sap in 
the form atti has its non-zero counter-part in the Sap of the form 
bhav-a-ti (a=$ap), similarly the right-hand 0 in the symbol 10 has its 
non-zero counter-parts in the symbols 11, 12, 13 etc. The counter- 
parts are the right-hand symbols 1, 2, 3, etc. 


Though none of the Vedic texts taken here for study provides 
any direct evidence and explicit reference to the effect that the 
number-symbols to the left indicate 'the places' and not 'the 
numbers', it can be known from post-Vedic works on mathematics. 
Aryabhata. I (C.476 AD) writes that the values of the places to the 
left hand increase ten times that of those to the right-hand in a 
system of writing from left to right; Āryabhafīya, ch. on Ganita, 
verse 2: sthānāt sthānam dašaguņam syāt. Bhāskarcārya clearly 
states that the numbers to the left stand for ‘places; cf. Lītāvatī, 
verse 12: iti da$agunottaram sarhjītāh sarhkhyāyāh sthānānām 
krtāh püraih. The remark 'pürvaih krtāh” (= 'defined by the 
predecessors in the field") definitely suggests or implies that there 
is a long pre-Bhāskarācārya tradition which was following this 
dictum; and this tradition seems to be right from the Vedas. 


The concept of ‘the zero or Sünya' definitely originated in the 
Vedas themselves and is not a later, postvedic invention. The 
invention or existence of Sünya as a substitute for a vacant, un- 
occupied place or position goes back to as old as the Vedic times 
itself and can be convincingly proved with the help of a suitable 
technique, either Vedic or Pāņinian.”* And it must be said that it is 
from and in Vedic mathematics that the zero is born. And it is 
from the Vedas that all other civilizations have borrowed the 
concept and device of positional notation of numbers and 
consequently of zero. 
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An important point requires to be noted here. Taking into 
consideration the logic and the procedure behind the concept of 
Sünya, it is unthinkable that writing was unknown to the Vedic 
civilisation, though, it must be admitted that, there is no direct 
evidence and reference to the art of writing. 


The concept of zero, which is based on the principle of 
positional notation of numbers, the explicit enunciation and 
mention of numbers from daša to parārdha (10'*) in VS.172, the 
mention of very high numbers like 3339, 6000, 8000, 12066, 30000, 
50000, 60000, 60099 and finally 100,000 in as old a Vedic text as 
the Rgveda (which is the oldest literature of the world) and the 
knowledge of mathematical operations of addition, subtraction, 
multiplication, division, squares, and the expansion of different 
series like arithmetic and geometric progression—all these facts 
which are noted before point to only one conclusion, viz. that this 
knowledge of mathematics and the play of numbers cannot be said 
to exist without the knowledge of writing numbers. It is impossible 
to imagine that the Vedic people carried on all the mathematical 
calculations with big numbers without writing. The same 
conclusion seems to be inevitable in the case of the Vedic 
interpretational principle, artkānām vāmato gatih , for which see 
before. Though the principle is enunciated later in post-Vedic 
times, it must have been resorted to in the Vedic times also for the 
interpretation of the mathematical number-words and phrases of 
the Veda. It is only by assuming this principle that the numbers 
from 10 onwards can be written down in symbols in the way in 
which they have been written down from olden times and in all the 
mathematical systems of the world. True, that there is no direct, 
documentary evidence to show that writing was known to the 
Vedas. Yet, direct, documentary evidence, or what is called as the 
pratyaksa pramána is not the only authority. We can draw 
conclusions even on the basis of circumstantial evidence or 
anumānapramāņa also. 


From all the discussion above it will be seen that the discovery of 
the insertion of zero to indicate a vacant place in numbers is 
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possible only when we first analyse and study the Vedic number- 
words linguistically or grammatically; and that too through 
Pāņinian eyes. Secondly, even after the symbolic representation of 
the number-words based on the Pāņinian analysis, the picture that 
we get, viz. O.N. (or, in figures 01) is exactly oppositte of N.O. (or 
in figures 10) which is our present practice. At this stage the 
mathematical paribhāsa, viz. aņkānām vāmato gatih must be 
taken into consideration. It is also interesting to note that it is only 
the Pàninian technique of linguistic analysis which helps us to 
arrive at zero, though Pāņinian technique is later than Veda. 


To explain all the above arguments in the form of linguistic 
factorisation, we arrange the number-words from daša to navadaša 
in the following serial order: 


da$a-ekada$a-dvada$a-trayoda$a-caturdasa-pancada$a-soda$a- 
saptādaša-astādaša-navadaša 


We then take out the common factor-word daša and we have, = 
dasa (eka-dvi-tri-catur-panca-sat-sapta-asta-nava) 


Since the word da$a, as we have said above, signifies the number 
of the series, and since this is the first two-digit series, succeeding 
after the one-digit unit-series from eka to nava, we represent daša 
with the symboll, which is the first number of the whole number- 
series; we also represent the number-words eka, dvi, tri etc. by 
their symbols; and we have, 


1 (0-1-2-3-4-5-6-7-8-9) 


We then solve the brackets and we have, 10-11-12-13-14-15-16- 
17-18-19. 


Thus, we have the exact symbol-replica of the number-words 
from daša to navadaša. 


Itis to be remembered that the whole process of factorisation is 
on linguistic and  positional symbolic level and not on 
mathematical level. 
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We can thus have the infinite number of series in following: 
(A) The first single-digit series: (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 


(B) The first two-digist i.e. daša - series: 1 (0, 1, 2, 3, 4,5, 6, 7, 8, 
9) 
The second two-digist i.e. vimSati-series: 
2 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 


(C) Theninth two-digist i.e. navatiseries 
9 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 


(D) The tenth two-digit or the first three-digist i.e. the Satam- 
series 
10 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 


(E) The hundredth two-digit or the tenth three-digit or the first 
four-digit i.e. the sahasra -series: 
100 (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) 


(F) The n4h, m-digit series: 
n(0, 1, 2, 3, 4, 5, 6, 7, 8, 9) and so on. 


We can thus go on expanding or erecting the number-series 
until we come to the end of both space and time. Even then the 
series will still have scope of expansion. The whole process and the 
infinite nature of the number-expansion reminds us of the 
description of greatness of Lord Siva given in the Siva-mahimna- 
stotra: 


asitagirisamam syāt kajjalam sindhupātre surataruvarašākhā 
lekhani patram urvī likhati yadi grhītvā $Sāradā sarvakālam tad api 
tava guņānām i$a param na yāti. 


Freely rendered what the verse means is: 


“O Lord Siva, even if Šāradā, the Goddess of Learning, with the 
pen of a branch of a divine tree and with an ocean-ful of ink goes 
on writing all your great qualities on the slate of the Earth for all 
times to come, she will not be able to reach the other end", 
(meaning thereby she also will not be able to prepare a complete, 
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exhaustive list of the qualities of Lord Siva's. Is not the same 
description of Lord Siva)greatness applicable to that of the 
greatness of number-system? 


This also reminds us of the Great Purusa of the Rgveda, who, 
even after pervading the whole space, remained a little more; cf. 
RV. 10.90.1: sa bhümim višvato vrtva’ tyatisthad da$angulam. The 
use of the word daSangulam (=daša + angulam) is notable; the 
author has not used any other number-word there like 
paficangulam, or astāngulam or Satangulam etc. 


20 


The Base 10 


We have seen in the fore-going pages that the Vedic texts taken 
here for study exhibit the knowledge of a full-fledged number- 
system on which the whole mathematics of the modern age is 
based. It was a system based on ranks which we indicated by 
numerals. The system consisted mainly of the original nine 
numbers from 1 to 9, which we call units. and which the ancient 
Indian mathematical called the ekam numbers (cf. Lītāvati 1.5); 
their place was at the right-most position in writing. The basic nine 
unit steps ran up each successive level of the first rank which was 
indicated by the figure 1; thus the numbers assumed from first 
rank onwards the appearance of a ‘compound number’ as against 

the non-compound appearance of the basic units. The units thus 
* imparted numbers to the ranks. As in the case of the dvandva - 
compounds in grammar, which could theoretically be expanded 
upto infinity, the Vedic number-system also theoretically could be 
expanded to infinity with the help of these ranks. These ranks are 
indicated by position. 


180 Mathematics as Known to The Vedic Samhitās 


The Vedic system of numerals was purely a decimal system, in 
which every succeeding rank took a turn at the number daa (10) 
or its multiples. There is no evidence of any radix other than 10. It 
does not show any evidence of any other type of number-system 
based either on the radix of 12 or 20 or 60. The evidences like 
astau showing ‘the dual’ (au is a suffix for dual in Sanskrit) and 
referring to ‘two fours’ etc. are not convincing evidences which go 
to show ‘the radix 4'. Obviously because agfa never meant ‘4’. 
Such words lead us nowhere. There are references where a 
number is indicated by a group of other numbers; see for example, 
10 = two fives; or 21 = three sevens etc. But we are not very much 
justified convincingly in stating that in the above cases 5 or 7 are 
the original bases or radixes and the later numbers like 8, 9, 10 are 
added later on. Even in the Mayan vigesimal number-system with 
the base 20, instead of using 19 different unit designations, the 
system had names only for units from 1 to 10 and used these 10 
units only to form the remaining necessary units from 11 - 19 (cf. 
K. Menninger, ibid . p.60). The sexagesimal number-system of the 
Babylonians also developed as an additional number-system in 
addition to a decimal number-sequence. The decimal system 
prevailed in course of time over the sexagesimal system. Also, it is 
to be specially noted that the sexagesimal system used the decimal 
number-units from 1-10 only. lt had not invented 59 different unit 
designations. Like the vigesimal system, the sexagesimal system was 
also interpreted in terms of the units in the decimal system. 10 was 
acknowledged as the base in Chinese also. Anything incompelete is 
referred to as “not reaching 10”; and anything in excess is referred 
to as “12 parts “(M. Menninger, ibid, p.84). It is of special interest 
to note, however, that besides the three number-systems, the 

Vedic, the Mayan and the Babylonian, which are based on the 
radixes respectively 10, 20 and 60, there are noted other number- 
systems of the Indian tribes in North America which exhibit, 
besides the decimal and vigesimal systems, also the quinary (with 
the radix 5), ternary (with the radix 3), quaternary (with the radix 
4) and octonary (with the radix 8) systems.** But it is doubtful, 
however, whether these tribes have made any progress in building 
up number-series to higher ranks. The ancient Greek had duo- 
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decimal number-system with the base 12. In spite of the existence 
of different systems, the decimal system of the Vedas has not only 
outlived all but thrown all the them into total oblivion. The whole 
modern mathematics is based on the decimal system of the Vedas. 
The number 10 “plays the part of a threshold or landing;” so all 
other multiples of 10. “In the Middle Ages the 10-steps and every 
subsequent multiple of 10, such as 30,80 or 1960, was called 
articulus” (K. Menninger, ibid. p.45). 


20.1. Why the base 10? 


Every Vedic number-series takes a turn at the threshold of 10 or 
its multiples. Why? The general explanation that is advanced is 
that since man has 10 fingers, 5 on each hand, the number 10 has 
been found to be the most suitable threshold.” 


The radix 20 is arrived at by combining the fingers of the hands 
with the toes of the two feet; thus, 10 finger + 10 toes = 20. 


The KS 13.7 and MS 2.3.5 state that there are 10 pranas (cf. 
daa hi ātman prāņāh or simply dasa pranah). We have also the 
statement, nava hi prāņah; ātmā dasa (cf. or nābhir dašami, 
KKS.31.13) The virāj metre consists of 10 syllables, which are equal 
to 10 fingers. Hence, since man has 10 fingers, the virāj metre is 
equal to man; cf. KS.36.7: vairājāh pursah . TS. while explaining 
the importance of virāj says (7.3.9) that 20 are equal to two virāj 
metres; cf. ete. virājau — virh$o vai purrusah ( = 20 are equal to 
man)”, because daša hastyāh angulayah daša padyah. There are a 
number of references which explain 10 and 20 as the sum of the 
fingers and the toes. The fingers are also called ksip in RV. (3.23.3 
etc.) and svasr (= sisters) which are always in ten. 


Besides the fingers, toes and prāņa, the Vedas explain the 
importance of daša on the ground that a foctus to come out ofthe 
mother's womb takes 10 months; cf. RV. 5.78.9: daša māsān 
fasayánah kumarah — nir ā etu; The adjective dasamásya for the 
foctus is significant in this respect; cf RV. 5.48.7;8 and also other 
sarhhitāas. So we find that besides resorting to finger-counting and 
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body-counting, the Vedas took the help of other natural things or 
facts for counting. Hence, the prānas or angulayah or masah or 
even yajūāyudhāni (= the sacrificial instruments which are 10 and 
are enumerated is TS 1.6.8) - any of these might have served as the 
principle for taking 10 as the radix. But the truth seems to be that 
man has come to accept 10 as the base after a great deal of 
experimentation with different bases like 3, 4, 5, 8, 12, 20 or 60. 
The Vedas, however, without any hesitation accept the base as 10 
and do not even refer to other bases. 


i To say that asfau suggests the base 4 or that virh$o vai purusah 
indicates the base 20 is seeing too much meaning in the 
statements, because a full-fledged number-system does not seem to 
have evolved on bases other than 10 neither in the Vedas nor in 
any other mathematical systems like those of the Babylonian 
Egyptian, Mayan or Chinese. 


Besides the above references which give us the rationale for the 
number daša as the base, we have other references from the Vedas 


which emphasize the importance of the number nava as the last ' 


limit of the single-digit series from eka to nava; in an indirect or 
implied way, the references suggest that the number dafa or 10 is 
the beginning of the new series of two digits. The KKS 31.13, TS 
7.5.15 (nava vai puruse tránah, nābhirr dašami. ) says: there are 
nine life-breaths in a man; the navel is the tenth. It shows that the 
nine prāņas form one category with nābhi, the tenth, forming the 
second. We have also the reference to nine directions. TS.7.1.15 
mentions only the nine directions, viz. prācī (east), pratici (west) 
daksina (south), udici (north), the four avāntara ie. middle 
directions and lastly the ūrdhvā referring to the zenith of the sky. 
The number of directions being ten seems, therefore, to be a post- 
vedic or rather post-sarnhitā development. These passages can be 
interpreted to mean that the number nava i.e. nine is taken as the 
last limit of the single-digit series. The number daa by 
implication, therefore, forms the initial or basic number for the 
next two-digit series. 


21 


The Concept of Position 


If we study all the possible ways in which the different number- 
systems are written, we find four main types:- 1. writing by simple 
grouping system; 2. writing by multiplicative grouping system; 3. 
wriüng by ciphered numeral system, and lastly, 4. writing by 
positional number system." 


The system of writing by simple grouping was adopted by the 
Egyptian hieroglyphics. It accepts 10 as the base. The relation 
between two types of symbols is of addition. 


The multiplicative grouping system differs a little from the 
above simple grouping system. The relation between the symbols is 
both of, first multiplication and then addition. This system of 
writing numerals is found in the traditional Chinese-Japanese 
system of writing. 


The ciphered numeral system of writing was adopted by the so- 
called Ionic, or alphabetic, Greek numeral system. Other ciphered 
systems are the Egyptian hieratic and demotic, Coptic, Hindu 
Brahmi, Hebrew, Syrian and early Arabic. The last three are 
alphabetic ciphered numeral systems. It requires many symbols to 
be memorized in this system. The system of writing numerals on 
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the basis of assigning positions in ascending ranks by ten is the 
current system of writing numbers, which is borrowed from India. 
And since Indian system of numbers is based on the Vedas, the 
Vedic system of numbers also seems to be based on positional 
values, i.e. values differing according to the position - prior or 
posterior, left or right — of the numbers. The Babylonian and the 
Mayan systems are also based on the principle of position or place- 
value. This system of writing numerals has the advantage of having 
the least number of symbols, besides being highly convenient. 


The Vedic number-system combines in itself two characteristics 
of the two systems viz. the multiplicative grouping system and the 
positional numeral system. When, for example, the Veda uses in 
speech the phrase, sastim sahasrā navatim nava (= sixty thousand 
ninety nine = 60099), the relation between sastim and sahasra is 
of multiplication as 60 x 1000; the whole phrase then taken 
together is added and thus exhibits the relation among its numeral 
constituents of addition; thus, the whole number 60099 - sastim x 
sahasrā (= sixty x thousand) + navatim (= ninety) + nava (nine). In 
writing, however, it exhibits the principle of place-value. The 
numbers to the left show the ten times higher value than the 
numbers to the right. 


The most important difference between the positional numeral 
system and the other systems is that while the symbols in the latter 
systems stand for or signify the numbers, the symbols in the former 
signify, besides the numbers, also the ranks of the numbers in the 
scale of daa. Thus, the left-hand number 9 indicates its place in 
the tens while the right-hand number 9 signifies only the single 
digit 9 in the number-symbol 99. 


An important characteristic of the positional numeral system is 
that it contains or requires the least number of symbols or 
number-words with the help of which any number can be written. 
It contains only 20 symbols for numbers and consequently only 20 
number words. They are ; eka, dvi, tri, catur, pana, sat, sapta, 
asta, nava, dasa, virhšati, trirhšat, catvārirhšat, pancáfat, sasti, 
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saptati, ašīti, navati, Satam and sahasra. There is, however, no 
word for zero in the Vedas taken here for study. 


But where does this idea of positional notation come from? The 
Vedas are the oldest li.erature. As such, we do not have any pre- 
Vedic evidence which may serve as the source for the Vedic idea of 
positional notation of numbers. In order to get the answer, we 
have to take recourse to the linguistic studies in ancient India. 


It is general supposed that linguistic and grammatical 
activities in ancient India developed later than Veda. But this is 
only half truth. The whole truth is that Veda is basically a linguistic 
manifestation of thought. As such, the study of Veda must start 
from the study of its language. Patafijali is his paspašāhnika 
bluntly says that of the six** vedāngas, Vyākaraņa or grammar is the 
chief auxiliary of the Veda; cf. Patanjali: pradhānam ca safsv 
angesu vyākaraņam. The origin of the linguistic and grammatical 
studies, therefore, goes as back as the Vedic times; nay, the 
linguistic studies must co-incide and be contemporary with the 
Vedic studies; both of them must go hand is hand. Without 
linguistic studies, Veda could not have been studied. 


What was the form of the Veda in the beginning? Veda or in 
general language in the beginning, as the Vedic and grammatical 
tradition in India goes, was a-vyākrta, ‘un-analysed’ or ‘un- 
described' form. Nobody could understand it It was a whole 
linguistic entity. The gods then requested Indra to analyse it and 
Indra together with Vayu analysed it; cf. TS 6.4.7: vag vai parāci 
avyākrtā āsīt. te devah indram abruvan, ‘imam no vācam vyakuru’ 
iti. ... tām indro madhyatah avakramya vyākarot. tasmād iyam 
vyākrtā vàg udyate. Since the time Indra analysed the vāk i.e. 
language referring to the Veda, we, the human beings started 
speaking an analysed language, analysed into prakrti, pratyaya, 
pada, vākya etc. The sage Vyāsa, also called Vedavyāsa later on 
divided the Vedas into different sarnhitas and recensions (cf. 
Mahābhārata, Ādiparva, 17.57 = vivyāsa”? vedan yasmāc ca tasmad 
vyāsa iti smrtah). The whole Veda then was analysed into, first the 
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padas i.e. words, which is known as the padapátha; the padas were 
analysed further into prakrti (the nominal and verbal base) and 
pratyaya (the suffix and termination); these prakrti-pratyayas were 
again finally analysed into varnas or sounds. The sounds were thus 
the last limit and unit of vāk in the process of analysis. All the 
schools of grammar in ancient India has followed this process. 


If the above tradition and process of speech-analysis is to be 
honoured - and there is no reason why it should not be honoured 
—, the element of position of the spoken sounds and words in 
terms of time and space must also inevitably be accepted, since 
obviously all the sounds of a word or all the words in the sentence 
cannot be spoken all at a time and in the same articulation and 
places of articulation. They must be spoken one by one or one 
after the other in order. There is thus an interval of time and space 
between any two sounds or words. Even Bhartrhari, who advocates 
the theory of the simultaneous ‘explosion’ (sphota) of the Sabda 
and artha and the final unity of both (cf. VP. 1.1 and 1.2: ekam eva 
yad āmnātam etc.) on the theoretical plane, had to accept a kind 
of krama i.e order or position of the sound and words on practical 
plane; cf VP 1.48; nādasya kramajanyatvād... akramah 
kramarüpena bhedavān iva jāyate. When, therefore, the vāk 
which was undivided and un-analysed in the beginning comes to 
take over an analysed and divided form, the concept of prior and/ 
or posterior position in time and space does naturally become the 
chief characteristic of the language-description. And since 
number-words are words i.e. linguistic entities primarily, they 
could not be described without considering the prior/posterior 
positions of prakrti, pratyaya, āgamas and ādešas. This is about 
simple, non-compounded word-structure. 


The problem of position has to be faced prominently especially 
when one comes to the stage of describing the compound word- 
structures. Though compounds are composed of at least two 
members, the constituent members have to be in a fixed order; 
they cannot be arranged in any order one likes. If the order is 
changed, the resulting compound gives out a totally different 
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meaning. If, suppose, the order of the two constituent members 
rājan and purusa in the compound rāja -purusa (meaning ‘the 
king's servant’) is changed to purusa-raja, the latter resulting 
compound structure conveys a totally different meaning from that 
of the former one; the compound purusarāja means ‘like a king 
among the male$’. Thus the ‘position’ occupies an important place 
in considering and describing the compound structures in 
Sanskrit. 


The idea of position, therefore, seems inherent in the spoken 
words themselves and their description and cannot be taken as 
totally unknown to the Vedas and ancient Indian linguists. We 
have in the Veda words which describe the position of an entity or 
point with reference to another entity; cf. words like puras, 
purastāt (= to the east or in front of), paš$cāt or pašcāttāt (= to the 
west or behind), daksiņa or daksiņāttāt (= to the south or to the 
right), uttara or uttarāttāt (= to the north or above), ürdhva or 
ūrdhvāttāt (= above), adhas or adhastát (= below), pürva (= 
before), para (= after) and so on. The linguistic studies on Veda 
like the Nighantu, Nirukta, the Pratisakhyas and Pāņini's 
Astadhyayi - all have very carefully taken into consideration and 
defined the positions of the sounds, words, prakrti, pratyaya, 
agama, ādeša etc. while describing the Vedic language. 


This fact clearly shows that the Veda and linguistics in ancient 
India were working hand is hand. And the question, who borrowed 
from whom, is irrelevant and does not arise in view of the facts. If 
the above question is to be answered at all, the only answer seems 
to be that lingustics or grammar in ancient India borrowed from 
Veda the concept of position or place-value, since Vedas are earlier 
than all the extant grammars of Sanskrit. The only difference 
between the Vedic and linguistic understanding of the concept of 
position seems to be that the linguisticians or grammarians made 
explicit reference to and explicity defined the concept at the time 
of analysing and describing the Vedic language whereas the 
concept was latent or implicit in the Veda. 


188 Mathematics as Known to The Vedic Samhitās 


Although the Veda, as we have seen above, exhibits two types of 
languages- mathematical and non-mathematical - depending on 
whether a word conveys a numerical meaning or not, this 
distinction is absolutely immaterial for a linguist because for him 
the word is a word to be described irrespective of the fact whether 
it conveys a mathematical or non-mathematical meaning. Hence, 
as the concept of position was regarded as very important in the 
case of the description of non-mathematical language/word, so 
also it was equally important in describing the mathematical 
language/word. And there seers to be nothing wrong in such a 
methodology. Hence the concept of position was employed in 
describing the mathematical language/word also. Just as, 
therefore, in a non-mathematical compound like vajra-bhrt, the 
word vajra occupied the prior place and the word bhrt, the 
posterior one, similarly in the mathematical compound like eka- 
da$a the word eka occupied the prior position and the word daša, 
a posterior one. 


Upto this i.e. descriptive stage it was all right. But the problem 
arose when they came to the stage of assigning symbols to the 
number-words spoken for purposes of writing. The problem was of 
the type of symbols to be assigned— whether or not to assign the 
same symbols for both the types of languages - mathematical and 
non-mathematical. Obviously, since the two languages signified 
two different types of semantic levels/categories and two different 
worlds of thought they opted for assigning different symbols for 
the two different types of languages. 


But then, there was another problem of the position or order of 
the symbols also—whether to follow the same order which was 
available in the spoken language for both the types of languages or 
to make a distinction between the two? At this stage, the Vedic 
people opted for the second alternative and the order of the 
symbols for the non-mathematical language/word preserved the 
original order of the spoken words while the order of the 
mathematical symbols was reversed. Thus, in the non- 
mathematical compound vajrabhrt, the symbols for the two 
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components viz. vajra and bhrt retained their original order-in 
which they were spoken (i.e. vajra in the first place and bhrt in the 
second place) whereas in the mathematical word-compound viz. 
ekada$a, the symbols for the two components (i.e. eka and da$a) 
reversed their positions with daša in the first place and eka in the 
second place. This is what is meant by ankānām vāmato gatih, 'the 
order is to be reversed in the case of numbers'. Thus, though this 
rule for the order of the numerical symbols might have been 
explicity spelt later on i.e. later than the Veda, it certainly seems to 
have been very well-known in the times of the Vedas. Also, the rule 
does not indicate the beginning of writing, but pre-supposes 
writing the mathematical and non-mathematical languages in 
terms of symbols. And since the number-words were transformed 
into number-symbols by writing in the reverse way in the times of 
the Vedas themselves (the way which we are still following), the 
rule simply stated the principle and fact of transforming the 
number-words into number-symbols of figures. The rule thus is a 
descriptive rule and not a prescriptive one; but it came later on to 
be accepted as a prescriptive one, which is still followed upto this 
day not only by Sanskrit writers but by all the civilisations of the 
world, old and modern. And we have the way of writing the 
numbers as (to exemplify the first series): 


11, 12, 13, 14, 15, 16, 17, 18, and 19. 


The number-symbol to the left stand for the serial number of 
the series and those to the right for the unit-numbers. The prior 
number-symbol which is common to all indicates the first number 
of the series. 


If, suppose, the rule ankānām vāmato gatih would not have 
been there and the Vedic people would have opted to follow the 
same order of the number word-compounds in the case of the 
number-symbols also, the first series would have looked like the 
following: 


11, 21, 31, 41, 51, 61, 71, 81, and 91, 
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in which case, the number to the right would have denoted the 
serial number of the series, the units occupying the first position. 
In that case, the whole mathematical system of today would have 
basically been totally different not only in appearance but also in 
calculativn and computing from the present one. And 11+1 would 
have given us not 12 but 21 and 21+1 would have been equal to not 
22 but 31, had not there been the Vedic system of number-writing 
and the implied rule ankandam vamato gatih ; ten would have been 
not 10 but 01 and hundred, not 100 but 001. 


We can thus see that the concept of position seems to have been 
accepted and resorted to right from the times of the Vedas and the 
rule ankānām vāmato gatih leads us to assume the existence of 
writing in Vedic times. 


22 


The Journey of Zero 


The Amarakoga notes the following words for zero; asāram 
phalgu $ünye ca vašikam tuccha-riktake, (Amarakoga 3.56). Later 
on in post-vedic times, the numbers came to be designated by 
symbolic words and the number zero came to be signified by words 
like $ünya, kha, ākāša, ambara, vyoma, nabhas, pūrņa etc. 
majority of which are the words for ākāša, ‘sky’. The Vedic texts, 
however, have not used any number-word for zero. The first 
occurrence of the word Sanya is found in AV.14.2.19 (sūnyaisī 
nirrte yājagandhā uttistha) in which the goddess Nirrti is 
addressed as Sūnyaisi. = Sūnya + esi, ‘desiring or looking for vacant 
places or houses’. The word $ünya, therefore, means ‘nothing, 
void, vacant or un-occupied place’ etc. 


The word $ünya is derived by Ksirasvami, the commentator of 
Amarakosa as follows:- 


Sune hitam $unyam $ünyam ca. ugavādibhyo yat ity atra 
sarhprasāraņam và ca dirghatvam. 


There is no mention of the verbal root here from which it is 
derived. Yet, the verbal roots seems obviously the root vi 'to go, to 
increase” etc. (cf Pāņinian dhātupatha, tu-o-$vi gativrddhyoh). 
Thus, formally speaking, the root $vi with the past passive 
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participial suffix ta > na gives out the form Suna, meaning ‘that 
which has increased or gone'. To $una, the suffix -ya is applied 
according to the Pāņinian sütra, ugavādibhyo yat, 5.1.2 The 
gaņapātha does not include the word $una in ugavādigaņa; yet the 
ganasütra derives it by passing the remark quoted above by 
Ksirasvàmi. Bhattoji Diksita derives two words, with and without 
long ü as Sunya and $ünya. 


Semantically, however, the words $unya or $ünya donot convey 
the sense of 'vacant, void, un-occupied etc, though they became 
current in later Sanskrit indicating zero. Derivationally, the word 
shares its etymology with the word $van or $unaka meaning 'dog'. 
And since the dog is/was a despised animal, not worth-attention, 
the derived word Sunya or $ünya seems to have come to signify the 
sense of 'something useless, worth-throwing away' and later for 
'zero in mathematics indicating *a neglible number'; cf. the word 
tuccha ‘rubbish’ noted by Amarakosa. 


We have seen before that the idea of positional notation and 
consequently as its corollary the concept of zero and its positional 
value are available in the Vedic texts proper. They are not the post- 
Vedic ideas. And the ease and frequency of the reference to these 
concepts in the Vedic texts take us far back again to pre-Vedic 
contributions to mathematics of the world. It is from the Vedas 
that the ideas spread outside India and abroad. The Vedas are the 
lenders and not borrowers. 


As it sometimes happens, the Sanskrit word Sanya is not 
borrowed phonetically by the outside civilisations and people like 
the Arabs, who were the first borrowers of the concept and word 
for zero and the numerals. Though the numerals are called the 
Arab numerals in the West, they are not invented by the Arabs 
proper. They are Vedic inventions. What the Arabs did was that 
they translated in their language the idea of 'absence, void, un- 
occupied place, nothingness' which was conveyed by the Sanskrit 
word Sanya. The Arab word for vacant, empty was ‘as-sifr’ or more 
accurately as-sifr (the $ here is a palatal as in Sanskrit $ in $ünya). 
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From the Arabs the word got its way to the West in all its two 
aspects, viz. the symbol as well as its name. The sifra of the Arabic 
changed to cifra in Latin and to cephirum in Greek. The Latin 
cifra was transformed phonetically into zefiro, zefro or even 
zevero in Italy, which was shortened by the loss of the middle 
sounds f and ve to the form zero. The French has chiffre and the 
German, Zeiffer and cifra. English has zero. 


The concept of place-value notation and the zero is a gift of the 
Vedas to human mathematics. The zero especially was taken in the 
west to be ‘a creation of the Devil’, since it itself is nothing but 
increases ten times the value of the number against which it is put 
or read. The following quotation from Karl Menninger's book 
(bid. pp. 422, 423, 424) will give an idea about the embarrassment 
caused by zero in the beginning of the Middle Ages in the West: 


"Computations with the new numerals, in contrast, were 
certainly not as easy to visualize. But most important of all they 
embodied an intellectual obstacle that was scarcely overcome 
during the first few centuries of their presence in the West : the 
zero! 


The Zero Again 


What kind of crazy symbol is this, which means nothing at all. Is 
it a digit, or isn’t it? 1, 2, 3, 4, 5, 6, 7, 8 and 9 all stand for numbers 
one can understand and grasp - but 0? If it is nothing, then it 
shouid be nothing. But sometimes it is nothing, and then at other 
times it is something; 3 + 0 = 3 and 3 - 0 = 3, so here the zero is 
nothing, it is not expressed, and when it is placed in front of a 
number it does not change it: 03=3 so the zero is still nothing, 
nulla figura! But write the zero after a number, and it suddenly 
multiplies the number by ten : 30 = 3 x 10. So now it is somthing - 
something in-comprehensible but powerful, if a few “nothing” can 
raise a small number to an immeasurably vast magnitude. Who 
could understand such a thing? And the old and simple one-place 
number 3000 (on the counting board) has now become a four- 
place number with its long tail of “nothing” - in short, the zero is 
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nothing but “a sign which creates confusion and difficulties,” as a 
French writer of the 15th century put it - une chiffre donnant 
umbre et encombre. 


Thus the resistance to the Indian numerals by those who used 
the counting for calculations took two forms: some regard them as 
the creation of the Devil, while others made fun and ridiculed 
them: 


Just as the rag doll wanted to be an eagle, the donkey a lion, and 
the monkey a queen, the cifra put on airs and pretended to be a 
digit, wrote an educated man in France as late as the 15th century. 
According to another French source, an “algorism-cipher” is a 
term of abuse of the same class as blockhead. Astrologers, 
however, gladly adopted the new numerals; like every form of 
secret writing, they helped to raise their status. The Algorism of 
the Salem Monastery correctly interpreted the new numerals and 
used them for computations, but they still created such confusion 
in the mind of their author that he appended the following 
mystical interpretation: 


Every number arises from One, and this in turn from the Zero. 
In this lies a great and sacred mystery - in hoc magnum latet 
sacramentum -: HE is symbolized by that which has neither 
beginning nor end; and just as the zero neither increases nor 
diminishes/another number to which it is added or from which it 
is subtracted/so does HE neither wax nor wane. And as the zero 
multiplies by ten/the number behind which it is placed/so does 
HE increase not tenfold, but a thousandfold - nay, to speak more 
correctly, HE creates all out of nothing, preserves and rules it - 
omnia ex nichillo creat, conservat atque gubernat.’ 


In this way the zero acquired its profound "significance" and 
began to represent something. 


But the learned men too were not sure whether the zero was a 
symbol, a numeral, or not. According to the name Null which they 
gave to it, it was not; and so medieval writers would frequently 
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present the "9 digits" to which they would add one more, which 


He who wishes to learn to reckon with digits must begin by 
knowing the figures of the digit/and then learn the force and 
meaning of the place-values according to which the digits are set. 
And there are nine figures that have value meaning/and one more 
figure outside of them which is called null, O, which has no value 
in itself/but increases the value of the others. 


Another manifestation of the same confusion and insecurity was 
the many names given to the zero (see p.401). What was the point 
of forsaking the old reliable counting board for something so full 
of contradiction that only a few learned men could understand it, 
and even they just barely? Even today the expression faire par 
algorisme, "to do it with the algorism,” is still used in France in the 
sense of "to do it with the algorism, "to miscalculate." 


This popular disinclination to use the new numerals was also 
behind the attempt to make these strange new concepts, the zero 
and the place-value principle, comprehensible by presenting them 
in verse form; thus Alexander de Villa Dei said of the zero (see 
p.412) that cifra nil significāt, dat significare sequentti 


the zero has no value, but gives value to the next [digit of higher 
rank]; 


and he explained place value in the following lines (of which 
only the beginning and end are quoted here): 


unum dat prima, secunda decem, dat tertia centenum 
quarta dabit mille, milia quinta decem .... 


chifra nil condit, sed dat signare sequentem, 


The first [place] makes [the digits there worth] units, the 
second tens, the third hundreds, the fourth thousands, the fifth 
ten thousand .. the zero itself makes nothing, but it makes the 
following digits have [greater] value." 
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K. Menninger (ibid 401) gives the following figure to show the 
steps through which the phonetic changes the Sanskrit word sünya 
underwent in its journey from East to West through Arabic 
people:- 


Sanskrit (6th to 8th cent.) $ünya (= empty"), 

Arabic (9th cent.) as-sifr 

Latin (13th cent.) cifra Zefirum 

French (14th cent.) chiffre zefiro-zevero-zero Italian. 
German (15th cent.) EUN zero French, English. 


Thus we find that the concept, word and symbol for zero 
travelled from India, first to the Arabic countries and then to Italy, 
South Germany and then to Western European countries France 
and England. The idea of zero, which is based on place-value 
notation, is certainly Vedic from which it spread to different 
countries in the West.” The Vedas themselves in their present 
form and contents presuppose a very, very long history. They 
represent a mature stage of a civilisation whose roots go back to 
hoary antiquity. 


As the tradition says, the sage Vedavyāsa collected together all 
the scattered Vedic material and divided it into four samhitàs; cf. 
Mahābhārata (Vol. I, Ādiparvan, 1.57.70, BORI, Pune, 1971): 


brahmano brāhmaņānām ca 
tathā' nugrahakāmyayā; 
vivyāsa vedān yasmāc ca 


tasmād vyāsa iti smrtah. 


This means that the number-system, the device of the place- 
value notation and.the concept of zero, as available in the Vedas, 
go back to still ancient times of which there is no record. The 
remarks such as “I can only compare their (= Indians’; brackets 
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mine) mathematical and astronomical literature ... to a mixture of 
pearl shells and sour dates, or of pearls and dung, or of costly 
crystals and common pebbles. Both kinds of things are equal in 
their eyes, since they cannot raise themselves to the methods of a 
strictly scientific deduction", by Albérüni (c. 1000), the Arab 
historian, quoted by D.E. Smith? are, therefore, totally 
unwarranted in view of the facts presented here. 


23 


Resumé 


To sum up the whole discussion given in the foregone pages. We 
are now, it is hoped, in a somewhat better position than before to 
gather at least a broad idea about the stage of mathematical 
development in the times of the nine Vedic samhitās. The samhitā 
literature taken here for study gives us the following picture about 
the mathematical knowledge in those ancient times. 


23.1. The vedic system of numbers is a full-fledged system based 
on the positional ranks. If the position of the number is changed, 
its rank also changes. That the Vedic people knew the concept of 
position is seen from that fact that the idea of position is inherent 
in the linguistic analysis itself. Thus, in pafica-virhSati, since the 
word pafica is spoken first, its position is prior to or earlier than 
the word vimáati. 


23.2. The whole number-system pre-supposes linguistic analysis. 
It is with the help of linguistic analysis of the Vedic language that 
we get a definite linguistic procedure for arriving at the two-digit 
notation of dafa onwards (upto 99) and hence the zero in dasa. 
The zero in dasa, therefore, is the absence of a positive entity in 
rank no. One from right. Consequently zero in the place of any 
position indicates the absence of that positional rank. This zero 
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substituted for the absence of the rank has got to be distinguished 
from the zero as a number below 1, which is obtained by the 
simple process of substraction of two equal numerical entities such 
as 5-5 = 0 or in general x-x = 0 


23.3. Although we do not find any special word for zero, which 
is the greatest invention of all times of the Indian Vedas, we can 
easily arrive at the zero with the help of a suitable linguistic 
procedure. Though while adopting the linguistic procedure we 
seem to borrow it from the post-Vedič Pāņinian technique of 
linguistic analysis and description, the procedure certainly seems 
to have been known to the Vedic linguists and mathematicians. 
And the truth seems to be that Pāņini, who is post-Vedic, seems to 
have borrowed the technique of linguistic analysis from the Vedic. 
And once Pāņini entered the stage of grammar-composition the 
pre-Pāņinian Vedic technique seems to have been credited to 
Panini’s name. The Vedas also know full well the maxim ankanam 
vāmato gatih, without which the zero in dafa symbolised as 10 
cannot be explained. 


23.4. The mathematical zero can be compared only with the 
Pāņinian zero, both in the procedure of arriving at zero as well as 
in its nature as indicating a substitute for something which should 
have been there, but which is not there. The only difference 
between the mathematical and Pāņinian zero is that while the 
Pāņinian zero is a substitute for some phonemes and morphemes, 
and not their place the mathematical zero is a substitute for the 
place or rank of the number, and not the number itself. Another 
point of distinction between the two types is that while in actual 
spoken language or in writing the zero of phonemes or 
morphemes is not traceable (in the sense that its existence is not 
felt) the mathematical zero requires to be indicated both in 
speech and writing. Thus in the form atti, the zero of the vikarana 
Sap is neither spoken nor written; whereas in the number, say, 105, 
the zero is conspicuously mentioned or felt both in speech 
(because while speaking we do not speak the decimal place and 
speak only ‘one hundred and five’, indirectly indicating thereby 
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the zero i.e. the empty space in between the two numbers ‘one’ 
and ‘five’) as well as in writing (because we specifically put the 
symbol for zero, viz. O, between the two numbers). cf. for example 
the Vedic phrases like Satam ekam ca (for 101; RV. 1.117.18), 
Satam sapta ca (for 107; RV. 10.97.1), sastim sahasra navatim 

nava (for 60099; RV. 1.53.9) etc. in which the missing ranks of 
dasa (in the number 101 and 107) and fatam (in the number 
60094) are hinted by their absence in speech and require to be 
represented by the symbol for zero viz. O in writing. Of course, 
one important point cannot be forgotten in comparing both the 
mathematical the Pāņinian zero, viz. in both there is 2n inherent 
comparison of the mathematicai and linguistic expressions with 
missiong ranks and sounds with those which exhibit their 
presence. To explain, in the linguistic expression atti (without 
Sap), there is its inherent comparison with bhavati (with Sap); so 
also, in the mathematical expression satam ekam ca (without-daša 
rank) there is its inherent comparison with, say, 125 or 156 or 189 
etc. which contain the da$a rank. Actually in saying that the places 
of dasa etc. in 101 etc. are vacant, we have in our mind the 
numbers like 125 etc. in which the ranks of daa etc. are positively 
filled up by some positive numbers; in numbers like 101, 107 etc. 
we fill the vacant places with zero—that is the only difference 
between the two types of numbers. 


23.5. The number-series is based on the radix of daša i.e. ten. It 
is thus a decimal system of numbers. Except some references like 
virh$o vai purusah (= ‘man is twenty’) in some texts, we do not get 
convincing evidence of any radix other than ten, like five, six, 
twelve, twenty or sixty. Either they knew these radices and found 
them to be not much suitable and convenient and hence rejected 
them, or they did not have the idea of the existence of any other 
radices. In the face of the passages like viŝo vai purusah, 
saptandaSah prajapatih etc., the former conclusion seems to be 
more rational. This means that the Vedic people must have arrived 
at the base dasa after a great deal of experiment with different 
radices. The decimal number-system, therefore, seems to have 
come to be established after a great deal of trial-and-error method. 
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That the decimal number-system came to be taken as the most 
perfect for measuring the present structure of the universe is 
supported by the fact that the same Vedic decimal system has been 
adopted through all these ages upto the present day. With only 20 
numbers or number-words, viz. 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 20, 30, 40, 
50, 60, 70, 80, 90, 100 and 1000, the Vedic people could erect a 
gigantic number-structure with infinite possibilities of building up 
infinite number of series. All these 20 words are non-compound, 
underived, word-structures, as against all other infinite number 
words which are all derived. It is, however, to be noted that though 
the number word dasa is linguistically/ grammatically underivable, 
the symbol for daa viz. 10 as consisting of two digits is 
mathematically derivable, as we have shown before. 


23.6. All the numbers recorded in the nine Vedic samhitas are 
positive numbers. There is absolutely no mention of or reference 
to any negative numbers. 


23.7. The Vedic people knew very well the four basic or primary 
mathematical operations of addition, substraction, multiplication 
and division. 


Instead of using any signs, which practice might or might not 
have been there in those times, they have used sign-words like ca, 
sākam or sign-suffixes like s or krtvasuc etc. for indicaüng the 
different operations. The knowledge of fractions follows as a 
natural corollary of the process of division. Working out the 
mathematical operations with high numbers, however, is not seen 
anywhere in any of the sarhhitās. 


23.8. The Vedas have given many series of numbers which in 
modern terminology can be termed as the series of arithmetic and 
geometric progression. We cannot make out any purpose behind 
explicity stating in great length all the different series. Can it be 
that the passages giving the different series are excerpts from some 
ancient, pre-Vedic texts on mathematics? 
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23.9. The passages VS 17.2, TS. 7.2 12-19 etc. giving out the 
different ranks of daa show that the Vedic people knew very well 
the structuring of the numerical series with the help of what we 
today call as the exponents or indices. Thus we get, fata = dafa x 
daša = da$a* (100 = 10 x 10 = 10*), sahasra = dafa x daša x daša = 
daa’ (1000 = 10x10x10 = 10°) and so on. Algebraically, if $ = 
fatam, s = sahasram and d = daša, we get $= œ and s = d" etc. The 
Vedic statements, however, require to be studied further 
algebraically. 


23.10. The passages like the VS 18.24, 25 (repeated in other 
sarhhitās) show the knowledge on the part of Vedic people of 
squares and of the procedure to find out the squares of numbers. 
We, however, donot get any evidence of the. procedure of finding 
out square-roots. 


The passages like paficaSate savāhā Sataya svāhā etc. (TS. 7.2.19 
etc.) show that the Vedas know the existence of surds and the 
geometrical procedure to find out the numerical value of some 
surds or numbers whose square-root cannot be drawn in terms of 
full integers, like V50, V200, V300 etc. 


The passages like VS 17.2 etc. and TS 7.2.19 etc. contain the 
seeds of the later algebraic and geometrical considerations. The 
subject, however, reguires a deeper study. 


23.11. The phrases like yajfiena kalpantam or sarvasmai svāhā 
are used to suggest that the same procedure as is adopted in the 
previous cases should be followed further ad infinitum to arrive at 
the desired results in the series. The fact that the series they have 
stated in the passages can be expanded to infinity by means of the 
latent principles shows that they had a clear idea about infinity, as 
they had about zero. Not only this, but the concept of zero and 
infinite expansion could be grasped mathematically by adopting a 
definite mathematical process. 


23.12. We do not get any enunciation of any philosophy of 
mathematics in general and numbers in particular in the Vedas. If 
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possible we are likely to find it in the later literature of the 
Brāhmaņas and Upanisads. Some grammarions like Kaundabhatta 
(cf. Vaiyakaranabhusanasara ) and all Naiyyāyikas from Prašastapā 
da (cf. Prašastapādabhāsya) to Gadādhara (cf. Tattvacintāmaņi ) 
seem, however, to have given some thought to the philosophy of 
Sarhkhyā i.e. numbers. But the subject of mathematical philosophy 
requires to be studied afresh, basing our judgements on sound 
Vedic evidences. 


23.13. As regards writing, we do not get any direct explicit and/ 
or convincing evidence to conclude that the Vedic people knew 
the art of writing. Yet if the possible interpretations of the Vedic 
mathematical data proposed here are any evidence, we may safely 
conclude that the Vedic people knew the art of writing at least the 
number-symbols. We meet with the mention of very big numbers 
consisting of four, five or even ten digits and hence places. Also, 
we have the process to arrive at zero and infinity. Moreover, the 
procedure to arrive at the squares of different numbers is also 
given. The passages like VS 17.2 and Ts 7.2 12-19 exhibit clear 
knowledge of surds like V50, V200, V300 etc. All these facts lead us 
to the inevitable conclusion that the Vedic people knew the art of 
writing. The computation and calculations involved in all the 
above processes cannot be done without writing the numbers; 
simply oral calculation cannot lead one to comprehend the 
higher, abstract, ideas of squares, zero, infinity etc. We donot know 
what symbols were used for numbers and/or number-words. But 
that such higher, subtle calculations as are found out to be in the 
Vedas are not possible and cannot be orally carried out without 
the help of some written symbols, crude or refined, seems to be 
the most logical conclusion. The study must be pursued further on 
the basis of the comparison of the Vedic civilisation with other 
civilisations like Indus-Valley civilisation, the Egyptioan civilisation, 
the Babylonian civilisation, the Chinese civilisation and even with 
the far off civilisation of the Mayas. 
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This Appendix A gives the number-words from as many as 20 Indo- 
European languages. Barring the reconstructed Indo-European, 
which gives only 12 words, all other 19 languages supply us all the 
relevant data in full. Of these 19, Sanskrit, Old Greek and Latin 
are ancient IE languages. French, Italian, Portuguese and Spanish 
are from the Romance family of languages. The Anglo-Saxon 
group of languages is covered by the two main languages, viz. 
English and German. The Russian language is given as a specimen 
of the Slavic group of languages. The Indo-Iranian picture of the 
number-words is presented by the Old Persian i.e. Avestan and the 
New i.e. modern Persian languages. The Prākrita, Pāli, Hindi, 
Marathi, Gujrati, Odia and Bengali give us the picture of the 
number-words as available in the Middle Indo-Aryan and New 
Indo-Aryan stage. All these words have followed a very long course 
of history of about at least five thousand years. As such, they 
require to be studied from the point of view of Historical 
Linguistics, although much work has been done in the direction 
by philologists. The aim of this Appendix A is tó present a 
consolidated picture of the number-words at a glance, to facilitate 
their further study from synchronic and diachronic point of view. 
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1. Ancient Languages 60. hexakonta sexaginta sasti 
Modem Indo- Old Greek Latin Sanskrit 70. heptakonta septuaginta saptati 
Symbols European 80. oktukonta octoginta ašīti 
Number- : A 
Words 90. enneakonta nonaginta navati 
1. so% eis unus ēka 100 *KmtO hekaton centum Satam 
9.  *duo duo deo dvi 1000. xilioi mille sahasra 
8. *tri i i i) 
m ki ps 2. The Romance-Group of Languages | 
4.  *qwetur tetra quattuor catur 
5.  *penqwe pente quinque panca Modern French Italian Portuguese Spanish 
6.  *sweks esh sex Pes id 
ind Symbols 
7.  *septm hepta septem sapta 
8.  *októ okto actó asta Ls un uno(m), um, uma uno 
9. *newn ennea novem nava una(f). 
10.  *dekm diia dā difi 2. deux due dois, duas dos 
11. endeka sūda kādas: 8. trois tre trēs tres 
12. duodeka noi jvidas. 4. quatre quattro quatro cuatro 
13 treisdeka TAM jas. 5. cing cingue cinco cinco 
14. tetradeka quattuordecim caturdaša e S n n mis 
15. pentedeka quindecim paficadaé: 7 À sept sette sete siete 
16. PE sēdētu sodada 8. huit otto oito ocho 
17. heptadeka septendecim saptadas. 9. neuf nove nove nueve 
18. oktodeka duo-dē-vīginti astādaša 10 dix dici dez diez 
19. onnaadeie undeviginti PS AY 11 onze undici onze once 
ekonavirhšati 12 douze dodici doze doce 
20 *Kmt koti viginti visati 13 treize tredici treze trece 
21 eikoti vīginti-unus ekavirh$ati 14 quatorze quattordici catorze catorce 
30 triakonta triginta trirhsat 15 quinze quindici quinze quince 
40 tetrakonta quadraginta catvārirhšat 16 seize sedici dezasseis deiciseis 
50 pentakonta quinquaginta parīcāšat 17 dix-sept dicias-sette  dezassette diecisiete 
! 18 dix-huit dici-otto dezói*ito dieciocho 
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j fourteen cetir-adtsat 
19; dix-neuf diciannove dezanove diecinueve 14. viersebn 
i ; ; ; 15. funfzehn fifteen pyatadtsat 
20. vingt venti vinte veinte 
i 16. sechzehn sixteen shest-adtsat 
| 21. vingtet-un ventuno vinteeum veintiuno dē 
| i teen sem-a 
30. trente trenta trisenta treinta 17. siebzehn seven 
18. achtzehn eighteen vosem-adtsat 
40. guarante guaranta guarenta cuarenta 
i i 1 ; 19. neunzehn nineteen devyatnadtsat 
50. cinquante cinquanta cincoenta X cincuenta 
i 20. zwanzig twenty dvadtsat 
60. soixante sessanta sessenta sesenta dyadisssadi 
: : " M 
70. soixante-dix settanta setenta setenta 21. einundzwanzig enty-on s -odin 
i thi tridtsat 
80. quatre-vingts ottanta oitenta ochenta " ee LV rie 
jersi fo. SO! 
90. quatre-vingt-dix novanta noventa noventa 40 viersig rty e 
i lesya 
100. cent cento cem ciento 50. funfiig sy P. T M 
i i shestdesya 
1000. mille mille. mil mil 60. sechzig sixty 
70. siebzig seventy semdesyat 
3. The Anglo-Saxon Group The Slavic Group 80 achtzig eighty vocemdesyat 
90 neunzig ninety devyanasto 
Modern German ‘English Russian A 
Number- 100. hundert hundred 
Symbols 1000. tausend thousand tisyaca 
Í; ein, eins one adin 4. The Indo-Iranian Group of Languages. 
2. zwei two dva A 
3. drei three tri Modern Avesta/ Old Persian New Persian 
Number- 
* "ui aur c Symbols 
5. fünf five pyat A ai-va yak 
6. sechs six shest 2 dva/duva do 
de sieben seven sem 3 ori/grai se 
8. acht eight vosem 4 catur cahar 
9. neun nine devyat 5 pafica pafij 
10. zehn ten desyat 6. x$va$ sed 
N. elf elevan adinnadtsat 7 hapta haft 
12. zwolf twelve dve-adtsat 8 asta hast 


13. dreizehn thirteen tri-adtsat 


| 
if 
n 


1000. 


5. The Indo-Aryan Group of Languages 


Modern 
number- 
Symbols 


| 


2 
8. 
4 


hazanghra 


Prākrita 
eka, ega, ekka, ego, eo 
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du, donni, do, due, be, duye 


tinina, tinni 


cattāri, cattaro, cauro 


nava, Nava, na-a, na-a 
dasa, daha, daha, raha 
eāraha, gyāraha 
bāraha, bārasa 

teraha, terasa 
ca-ud-daha, cauddasa 
pannarasa, paņareha, paņaraho, paņāraho 
solaha, solasa 
sattaraha, sattarasa 
atthāraha, atthárasa 
unvisai, unavisā, eknavisa 
visata, vīsai, vīsā 

ekavisá 

tīsā, tisa-ā, tise 

cattālīsā 

paficāsā, paņāsā, pannā 
satthi, saththi 

sattari, sayari, sattaras 
asi-i 

navvae 

sata, Saya, $a-a, sa-à 
sahassa 


na-v, nau 
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> al ašī āšī 
Marathi Gujrati Odia Bengali S: a " adi nabbe nobboi 

1 ek ek eka ek/aek 100. sambhar so Saha $0/$oto 
2 don be dui dui 1000.  hajār hajār hajāra hājār 
8 tīn traņ tini tin 
4 cār cār cāri cār Pāli 
5 pāc pāc páfica pāc 
6. sahā cha cha choy l. eka 
7 sāt sāt sāta sāt 2. dvi 
8 4th ath ātha āth 8: ti 
9 na-u nav/nau na noy 4. catu 

10. dahā das daša dos 5. panca 

11 akrā agyār egāra egāro 6. cha 

12 bārā bār bāra bāro 7. satta 

13 terā ter tera taero 8.  attha 

14. caudā caud ca-u-da coddo 9. nava 

15. pandhrā pandhar pandara ponero 10. dasa 

16. soļā soļ - sohala Solo ll. ekadasa/ekarasa 

17. satra Sattar Satara Sotero 12. dvadasa/dvarasa/barasa 

18. athra | adhàr athara āthāro 18.  tedasa/terasa/teļasa 

19. ekonis ugunis uņeisi/uņeiša unis 14.  catuddasa/cuddasa/coddasa 

20. vis vis kodie bis/kuri 15. — paficadasa/pannarasa 

21. ekvis ekvis ekoisi ekus 16.  sojasa 

q 80. tīs tīs tiriša tiri 17.  sattadasa/sattarasa 

40 cális cālīs cāļīša collis 18. — atthādasa/atthārasa 

50. pannās pacās pacāša poncās 19.  ekūnavīsati/ekūnavīsā 

60 sath sath sathie fáth 20. | vīsati/vīsā 

70. sattar sittyer saturi Sotter 21. — ekavisati/ekavisá 


30.  tirhsati/tirnsā 
40.  cattāļīsati/cattāļisā 
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1000. 


s 8858$ 
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sahassam 
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The number-words after dasa and before Satam, as we have said 
before, are all compound words. One of the peculiarities of the 
style of the Vedic language is that it explains some of the 
compounds. Take, for example, the compound acyuta-cyut, made 
up of two components viz. acyuta and cyut, which latter is a root- 
noun from the root -Vcyu ‘to move’. Though theoretically the 
compound can be dissolved with the help of all the seven kāraka- 
relations of the prathamā vibhakti, the dvitīyā, trtiya, cafurthi, 
pancami, sasthī and saptami , the Veda does not intend all these 
relations; it intends only the relation of the dvitiya-vibhakti or the 
acc. case in dissolving the compound; cf. for the dissolution of the 
compound with dvitīyā-case, RV. 1.85.4, 167.8, 2.12.4, 24.2, 3.30.4, 
6.31.2 etc. The number-words also being compounds are dissolved 
in many places in the texts of the samhitās. The present Appendix 
B aims of collecting all such dissolutions and present them to have 
the view at a glance. In all 69 number-words between doša and Sata 
are stated in the nine Vedic sarhhitās, out of which only 12 are 
dissolved in different places. 


A study of the dissolution of the Vedic compounds forms part of 
a bigger project of mine entitled ‘A concordance of Vedic 
Compounds Interpreted by Veda’ and actually a volume under the 
same title is algeady published by the CASS, University of Poona, 
Pune-412007 in 1989 itself. 
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It should be noted that though these compounds are words, 
they convey a mathematical meaning and not the general 
linguistic meaning signifying some concrete, physical thing. Since 
the very purpose and nature of these word-structures are different 
from the other non-mathematical word-structures, the order of the 
two constituent members of the mathematical compounds is to be 
reversed while interpreting and transforming them into symbols. 
What is pürva-pada in the compounds linguistically is to be taken 
as uttara-pada mathematically, and what is uttara-pada 
linguistically is to be moved to pūrvapada mathematically. Thus, in 
pafica-daSa, paca is the pūrva-pada and daša the uttarapada 
from linguistic point of view; but mathematically, the pūrva-pada 
pafica becomes the uttara-pada and the uttara-pada dasa moves to 
the pürva-pada. Though linguistically the order of the constituent 
members is pafica and daa, mathematically the order changes to 
daša and parīca; in symbols, pafica-dafa (=51) = daSa-pafica = 15, 


the symbol 1 for dasa indicating the first series of the two-digit ` 


numbers. The basis on which such an interpretation of the 
mathematical language is to be done is the axiom arīkānām 
vāmato gatih, which is followed throughout the world right from 
the ancient times of the Vedic civilisation. 


It will be seen from the following dissolutions of the compound 
number-words that they are not dissolved in the same way and on 
the same pattern, just as the non-number-word-compounds are not 
dissolved in the same way and on the same pattern. We have, 
therefore, to divide the number-word compounds and their 
dissolutions into two types: (i) those number-words which signify 
the numbers between ekādaša and nava-navati and (ii) those 
which signify the numbers 200, 300, 4000, 5000 etc. 


If we examine the dissolutions of the number-word compounds 
in the light of the above division, we find that the number-words 
signifying numbers from 11 to 99 are dissolved as the dvandva 
compounds with the meaning of ca (called itaretara dvandva), the 
words signifying numbers above 100, are dissolved as dvigu 
tatpurusa or dvigu samāhāra a s it is called; cf. the Pāņinian sūtras, r 
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2.2.29 (cārthe dvandvah for dvanda) and 2.1.52 (sarnkhyāpūrvo 
dviguh, for dvigu). Thus, the compound number-words signifying 
numbers between 11 and 99, viz. ekādaša, ekavimSati, etc. are 
dissolved as dvandva compounds as ckā ca daša ca, ekā ca 

rim$ati$ ca etc. As different from this type of dissolution, the 
number-words tri-Sata, pafica-Sata.etc. are dissolved as tri + Sata, 
parca Sata etc; or to put it traditionally, trayāņām Satanam 


samaharah tri$atam, paticānām šatānām samáhárah paficaSatam 
etc. 


It should be noted that the compound word-numbers are not 
dissolved in any way other than the above two ways. 


Compounds of number-words dissolved in the Vedic texts. 


1. yman (-11)dissolved as 1 +10 
war A wepow A sme se AV.5.15.1. 
wat ^w ARTA | VS.27.33 = AV 7.4.1 = MS.4.6.2. 
2. efn (=21) dissolved as 1 +20: 
ut cw ut fet 1 RV.7.18.11. 
3. wiftwft (=22) dissolved into 2 + 20: 
arena feed XI VS.27.33 = AV.7.41 = 
Wow faf MS. 4.6.2. 
du à fenfim AV. 19.47.5. 


4. maq (=33) dissolved as 3 + 30: 
Pit ira 221 RV.3.6.9 = AV. 20.18.4 
3i Prat "ER dam! RV.8.28.1 
3 vg va freq! RV.8.30.2 = KS.35.6 = KKS. 47.7. 
Pafin agam! VS.20.36 = MS. 3.11.1 - KS. 38.6 
fafa aga fier «| VS. 27.33 = AV. 7.4.1 = MS. 4.6.2 
"ara 3 fure 31 AV. 5.15.3. 
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ufehres aff: AV. 19.47.4 

Pq "nw aft era! TS. 1.4.11.1 
ware Paral KS.35.6 = KKS.47.7 
"RTI (=44) dissolved as 4 + 40 
TT Mamma 311 AV.5.15.4. 
AA AT | AV.19.47.4 


qaqa (=55) dissolved as 5 + 50 - 
Www 4 gamma 31 AV.5.15.5. 

Wow a ur wewwrves AV.6.25.1. 
Wewmrew wow Ww AV.19.47.4. 


anif (-88) dissolved as 8480. 


sme cw 4 mia 31 AV.5.15.8. 
em wer AV.19.47.3. 


. fmm (=300) dissolve as 100+100+100 (or even 3x 100): 


sre ep far cH menfa (sea) RV. 5.29.7 

Pf: we: cwrereafase | RV. 5.36.6. 

Afr warada RV. 8.6.47 = AV. 20.127.3. 

TTC went WEA: | RV. 3.9.9 = VS. 33.7. 

"feft wen... sarda! AV. 10.8.4. 

A a went «I KS. 35.6. 

fra: weer: wg TS. 7-2.19.4 

gawd (=500) dissolved as 100+100+100+100+100 (or even 5 
x 100): 

Wow wear: wg TS. 7.2.19.6 


amd (-10,00) dissolved as 100 added 10 times (or even 10 
x 100): 


a went wem «uw WAIT RV. 2.1.8. 
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12. 


ZA GA GG: wer «m! RV. 6.47.18. 
wart wer «m! RV. 8.46.22. 


ga «m Wwe pia TS. 7.2.1.4 


g: WE (=4,000) dissolved as 1000 added 4 times (or even 
4x 1000) 


wat wart wem age! RV. 5.30.12. 
Taada waemn RV. 5.30.14. 


wager (=6,000) dissolved as 1000 added 6 times (or even 6 
x 1000) 


GT "n wegen! RV. 7.18.14. 
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10: 


For the knowledge of addition on the part of the Vedic people, see 
below the section on addition. 


For the Pāņinian definition of prátipadika, cf. the sütra, 1.2.45: 
arthavad adhātur apratyayah prátipadikam . 


For the representation of the Sanskrit word-structures, 
compounded or non-compounded, in terms of the symbols N (for 
nucleus) and S (for suffix), cf M.D. Pandit, CVCIV,CASS, Pune, 
1989, pp. 1-30. 


For samāsas, cf. the Pāņinian sūtras, samarthah padavidhih, 
2.1.1. and saha supá, 2.1.4; cf. also M.D. Pandit, op. cit., pp. 7-20. 


cf. K. Menninger, Number-Words and Number-Symbols, Eng. 
translation by Paul Broneer, MIT, London, 1969. 


For a comparative study of the etymological principles of Pauini, 
Yāska and uņādisūtrakāra, cf. M.D. Pandit, ‘Some Linguistic 
Principles in Pāņini's Grammar’, IL, 1963. 


cf. T.R. Chitāmani, The Uņādisūtras in Various Recensions, 
University of Madras, 1939, p. 132. 


cf. K. Menninger, ibid. p. 75; for other examples cf. pp. 86, 111, 
113, 114, 170 


For a detailed discussion on this topic, cf. M D Pandit, CVCIV, 
CASS, 1989, pp. 1-50; cf. also MDPandit, Panini—A Study in 
Compound Word-«tructures, JMSUB, 1963, pp. 71-99. 


So also for the number-words for 52, 58, 62, 68, 72, 78, 92 and 98; 
cf. B.D. on the sūtra, 6.3.49: evan paficaSatsastisaptati—navatisu. 


11. 
12. 
15; 
14. 
15. 
16. 
17. 
18. 
19. 


21. 


23. 


24. 
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And we have dviparīcāšat and dvāparīcāšat (=52), astapaficasat and 
astāpaīīcāšat (for 58); dvisasti and dvasasti (for 62), astasasti or 
astasasti (for 68); dvisaptati and dvāsaptati (for 72); astasaptati 
and astāsaptati (for 78); dvinavati or dvānavati (for 92); astanavati 
and astanavati (for 98). 


cf. BD. on the sūtra: ekadir nañ prakrtyā syāt. 
cf. K. Brugmanna, ibid. II. 178; III. 5ff. 

cf. K. Brugmann, ibid. III. 8. 

cf. K. Brugmann, ibid. III. 89 

cf. K. Brugmann, ibid. Il. 12. 

cf. K. Brugmann, ibid. III. 14 ff. 

cf. K. Brugmann, ibid. III. 25. 

cf. K. Brugmann, ibid. III. 4. 


for pratyaya as a compulsory category, cf Patafijali on Panini, 
1.2.45: pratyayena nitya-sarnbandhat; nityasambadhav etāv arthau 

prakrtih pratyayas ca; cf. also MD Pandit, Zero in Pāņini, CASS, 
1990, pp. 10-15 cf. also MD Pandit, CVCIV, CASS, 1989, pp. 30-35 
for gender and number, cf. MD Pandit, 'Formal and Non-Formal 
in Panini,’ ABORI, 1975, pp. 49-79. 


For closing and non-closing morphemes in Sanskrit and Panini’s 
grammar, cf. MD Pandit, CVCIV, CASS, 1989, pp. 5-15. 


cf. K. Menninger, ibid. p. 9-11, 18-20. 


For detailed discussion of this topic cf. K. Brugmann, ibid. pp. III. 
52 ff. 


For number—words as adjectives, cf. Karl Menninger, ibid. pp. 18- 
20, also 27-29; 11-12; 48-49 81-82; 453, 454; for a detailed 
discussion on the declension of the numerals, cf. A A Macdonnel, 
A Vedic Grammar for Students, Oxford University Press, Bombay, 
1966, pp. 98-103. 


cf. Litāvatī, verse 14. 
For details, cf. MD Pandit, CVCIV, CASS, 1989, pp. 30-45. 
cf. K. Brugmann, ibid., p. 4, 49. 
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81. 


82. 


33. 


87. 


39. 


cf. K. Menninger, ibid., p. 39-42. 
cf. A.A. Macdonell, A Vedic Grammar, 1953, p., 103. 
For details, cf. M.D. Pandit, CVCIV, CASS, 1989, p. 35. 


This method of factorisation is later on followed and employed, 
first by the padapāthakāra Sakalya in his padapátha of the RV, 
and then by Pāņini, the grammarian, in the technique of anuvrtti; 
cf. M:D. Pandit, Zero in Pāņini, CASS, 1990, pp. 4 F. Has Pāņini 
borrowed the technique of ādeša from mathematics? cf. M.D. 
Pandit, CVCIV, CASS, pp. 7080 cf. also J.F. Staal, Euclid and 
Pāņini, PEW.pp. 16-32. 


This conclusion and procedure is already brought out to light by 
previous scholars; cf A.M. Pandit, ‘Vedic Mathematics’ 
Nachiketa, University of Poona, Pune (1 3th Annual Publication), 
198687, pp. 4445; cf also, Alfred Hooper, Makers of 
Mathematics, Random House, New York, pp. 68-69. 


c£ Marks Robert W., The New Mathematics Dictionary and 
Handbook, Bantam Science and Mathematics, 1967, p. 21. 


A.K. Bag, Mathematics in Ancient and Medieval India, notes 
only the mention of the odd numbers; cf. ibid. Chaukhambha 
Orientalia, 1979, p. 54. 


cf. Marks Robert W., ibid., p. 74. 


cf. Hans Hademacher and Emil Grosswald, Encyclopaedia of 
Science and Technology, Vol. 14, p. 698, 1977; cf. also Cohen 
and Ehrlith, Structure of Real Number-Systems; also Hardy and 
Wright, Number-Theory, Cambridge University Press, Cambridge. 


cf. Marks Robert W., ibid., p. 146 for fünya and p. 156 for zero. 


cf. S. Radhakrishnan, History of Indian Philosophy, Vol. II, p. 
335 f. 


The text used is: Milindrapatīhapāli, Bauddhabhārat- 
granthamāla, 13, Bauddha-bhārati, Varanasi, 1990; it is translated 
into Hindi by Svami Dvarikaprasada Shastri. 


The text is translated and published by P.L. Vaidya, 
Madhyamašāstra, Buddhistic Sanskrit Text Series No. 10, Mithila 
Vidyapeetha, Darbhanga, 1960. 
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cf. A.K. Narain, The Indo-Greeks, IBH. Vol. I, Introduction, pp. 
24-25. 


cf. M. Winternitz, History of Indian Literature, Vol. 2, p. 175. 


For the Hindi translation, cf. Svāmi Dvārika-prasada Shastri, 
ibid., pp. 23-25. For English translation, cf. Rabindra Nath Basu, 
A Critical Study of Milindaparīha, Firma KLM Privated Limited, 
Calcutta, 1978, pp. 93-94. 


cf. Madhyama šāstra, ed. by P.L. Vaidya, Buddhistic Sanskrit 
Texts, Series 10, Mithilāvidyāpītha, Darbhanga, 1960. 


42B. cf. S. Radhakrishanan, History of Indian Philosophy, Vol. I. pp. 662 


ff, 1929; cf. also by the same author, History of Philosophy - 
Eastern and Western, George Allen and Unwin Ltd. London, 
1952, pp. 152-218. 1 


43.cf. Sivaditya’s saptapadarthi, ed. by D. Gurumurti, Theosophical Pub- 


43a. 


47. 


49. 


lishing House, Adyar, Madras, 1932, p.10; cf. also Tarkasamgraha 
of Annambhatta, ed. by Bodas M.R., Bombay Sanskrit Series No. 
LV, 1930, p.6. 


cf. D. Gurumürti, ibid. Introduction, pp. xi - xiii. 


For detailed treatment of this subject, cf. M.D. Pandit, Zero in 
Pápini, CASS, Pune, 1990. 


cf B.D. on the sütra, 1.1.60 = prasaktaya adaršanam 
lopasamjfiam syāt. 


cf. Tattvabodhini, a commentary on BD's Siddhāntakaumudi, on 
the sūtra, 1.1.60, 1.1.60; atra dr$ir jūānasāmānyavacanaļ; 
darfanam jfianam; tad iha SabdanuSasanaprastivac Sabdavisay- 
akam sat $ravaņam sarhpadyate ... tannisedhah ašravaņam. 


Since the compound is dvandva, it requires technically at least two 
members to form a compound; for details, cf M.D. Pandit, 
CVCIV, pp. 1-5. 


For details, cf. M.D. Pandit, Zero in Panini, pp.0-117. 


The source of the verse is Samayocitapadyaratnamālikā, a collec- 
tion of phrases and proverbs to be guoted on suitable or appropri- 
ate occasion. The verse is guoted as a joke on the number zero, 


Notes and References 


50. 


51. 


52. 


53. 


which, in spite of having no value of its own, increases the value Of 
the number ten times when written or read with it. The source ob- 
viously seems to be secondary and its primary, mathematical 
source is nowhere tracable in any mathematical work, pre-Vedic, 
Vedic or post-Vedic. The dictum seems to have been handed down 
orally and not mentioned specifically anywhere. Yet, it is quoted 
here because it serves our purpose in the absence of any better 
and original source from any mathematical work. I am very much 
thankful to Dr. R.P. Goswami, Assistant Librarian, CASS, for find- 
ing out the reference for me. 


For the different systems of writing, cf. A.K. Bag, Mathematics in 
Ancient and Medieval India, Chaukhambha Oriental Research 
Studies, Chaukhambhā Crientalia, Varanasi - Delhi, 1979, pp. 52- 
109 and all the references therein. Which writing system is older, 
we do not know. Yet, this opposite position between the Vedic-and 
Persian writings is available in the case of the mythologies of the 
two also. What are Vedic gods are demons in Avesta and vice-versa, 
what are Avestan gods are demons in Veda! 


For a detailed study of the Sanskrit word-structures and their rep- 
resentation in terms of N-S symbols, cf. M.D. Pandit, C V CIV, pp. 
3-34; also, ‘Panini - A study of Non-Compounded Word-Structure; 
VIJ, 1968, pp. 23-38; also 'Pāņini - A study in Compound Word- 
Structures', JMSUB (Humanities), 1962, pp. 81-99. 


One can easily decipher the origin of the Pāņinian technique of 
zero or lopa in that of the mathematics; and that too, in Vedic 
times. Pāņini had definitely borrowed many of his techniques of 
linguistic description from mathematics; for details, cf MD 
Pandits, Zero in Pāņini, pp. 98-108. 


cf. K. Menninger, ibid. pp. 39-49, 113-114, 148, 420; for different 
systems with the radix 20 and 60, cf. op. cit. pp. 57-581 59-701; 377 
(for the Mayan vigesimal system) and pp.162-169, and 170 (for the 
Babylonian sexagesimal system). 


cf. F. Cajori, A History of Mathematics, The Macmillan Company, 
New York, p.10 


cf. M. Menninger, ibid. p.46f.; also F. Cajori, ibid. pp.63, 65, 68, 
114 etc. 
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This idea is found in finger - counting; cf. K. Menni ibi 
vh g; enninger, ibid. pp. 


For details, cf. Howard Eves, An Introduction to the History of 
Mathematics, RINEHART and Company, New York, 1953; pp. 9 
16; also, K. Menninger, ibid, p.265 for alphabetic numerals in 
Hebrew and Greek. The writing of numbers in Devanagarī 
alphabets like k, c, t, t, p etc. is found to have been prevalent in 
the later Tantric texts in ancient India; cf. B.L. Upadhyaya, 
Prācīna Bhāratīya Ganita (in Hindi), Vajūāna Bhāratī, New Delhi, 
1971, 134-135. 


The iix Vedingus are ; Siksa, kalpa, vyakarana, chandas, nirukta 
and jyotis. It is with the help of these six auxiliary sciences that 
Veda is interpreted. 


Incidentally, the word vyāsa from vi+as ‘to keep apart’ is opposite 
in meaning of the word samāsa, 'sam+ās, which means ‘putting 
together’ i.e. compounding. ; 


for details of the long journey of zero from India to West, cf. K. 
pod ibid. pp.400-417, or practically the whole chapter on 
The Westward Migration of the Indian Numerals' (pp.400-421), 
cf. also A K Bag, ibid. pp.67-76; also cf. O P Jaggi, ibid. p._132; cf. 
LV. Geja, Ancient [adiu Mathematics and Vedha, 1947; also, 
: e, Prācina Bháratiyánchi i i (i 
Marathi), Pune, 1934. M pe oc Das HN 


cF. D.E. Smitth, History of Mathematics, Vol. I. p.153. 
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